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4 
Theoretical Foundations of Noise Interferometry 

A N D R E A S  F I C H T N E R A N D  V I C T O R  C .  T S A I  

Abstract 

The retrieval of a deterministic signal from recordings of a quasi -random ambient 

seismic field is the central goal of noise interferometry. It is the foundation of 

numerous applications ranging from noise source imaging to seismic tomography 
and time-lapse monitoring. In this chapter, we offer a presentation of theoretical 

approaches to noise interferometry, complemented by a critical discussion of their 
respective advantages and drawbacks. 

The focus of this chapter is  on interstation noise correlations that approximate 

the Green 's  function between two receivers . We explain in detail the most com

mon mathematical models for Green 's function retrieval by correlation, including 

normal -mode summation, plane-wave decomposition, and representation theo

rems .  While the simplicity of this concept is largely responsible for its remarkable 
success , each of these approaches rests on different but related assumptions such as 

wavefield equipartitioning or a homogeneous distribution of noise sources. Failure 

to meet these conditions on Earth may lead to biases in traveltimes, amplitudes, or 

waveforms in general , thereby limiting the accuracy of the method. 
In contrast to this well -established method, interferometry without Green's func

tional retrieval does not suffer from restrictive conditions on wavefield equiparti
tioning. The basic concept is to model the interstation correlation directly for a 

given power-spectral density distribution of noise sources and for a suitable model 

of the Earth that may be attenuating, heterogeneous, and anisotropic . This approach 

leads to a coupled problem where both structure and sources affect data, much 

like in earthquake tomography. Observable variations of the correlation function 

are linked to variations in Earth structure and noise sources via fi nite -frequency 
sensitivity kernels that can be used to solve inverse problems .  While being math

ematically and computationally more complex, interferometry without Green's 

function retrieval has produced promising initial results that make successful future 
applications l ikely. 

109 



1 10 A. Fichtner and V. C. Tsai 

We conclude this  chapter with a summary of alternative approaches to noise 

interferometry, including interferometry by deconvolution, multi -dimensional 

deconvolution, and iterated correlation of coda waves. 

4.1 Introduction 

Noise is unwanted, unpleasant, or loud sound, according to the Cambridge English 
Dictionat)'. This unflattering description carries a historical connotation of useless

ness that hardly reflects the wide range of present-day applications that exploit the 

omnipresent noise field of the Earth. Seismic noise on Earth is not random sensu 
stricto. Its propagation is governed by the laws of physics that imprint structure 

on the wavefield. This structure can be exploited using interferometry that "turns 

noise into signal" (Curtis et al . ,  2006) .  

While the pioneering work of Aki ( 1957)  suggested early on that statistical prop

erties of seismic noise may be used to infer Earth structure, practical efforts to 

extract interpretable information were often found to be more challenging than sug

gested by seemingly simple theories (e .g . ,  Claerbout, 1968; Cole, 1 995) .  Although 

seismic interferometry requires only two seismic stations ,  or a single station 
for autocorrelations, the ambient wavefield only became widely used in seismic 

tomography when large,  dense arrays started to offer unprecedented illumination 

of the Earth's crust (e .g . ,  Sabra et aL 2005 ; Shapiro et al ., 2005 ) .  

Today, the large majority o f  ambient noise tomography results are ostensibly 
based on Green's function retrieval , that is, the assumption that the Green 's func

tion between two stations is approximated by the time-averaged cross-correlation 

of noise. By treating correlation -based Green's function approximations as conven

tional earthquake or active-source signals,  already established tomographic meth

ods can be used to estimate subsurface properties. Green's function retrieval can 

be observed in laboratory experiments (e .g . ,  Malcolm et al . ,  2004; van Wijk, 2006; 

Nooghabi et al . ,  20 17) ,  and it can be justified theoretically using normal -mode, 
plane-wave, representation-theorem, or purely numerical approaches (e .g. ,  Lobkis 

and Weaver, 2001; Snieder. 2004a; Wapenaar and Fokkema, 2006; Cupil lard, 2008 ; 
Tsai , 2009 ; Cupillard and Capdeville, 20 I 0 ;  Boschi et aL 2013 ) .  

During the past decade, interferometry based on interstation correlations of 
ambient noise has become a standard tool . In seismic exploration, interferome

try is an inexpensive alternative to active-source imaging and monitoring (e .g . ,  

Bussat and Kugler, 2011; Mordret et  al . ,  2013 ,  2014; de Ridder et al . ,  2014; de 

Ridder and Biondi , 2015 ;  Nakata et al . ,  2015 ;  Delaney et al . ,  2017 ) .  Improved 
coverage in regions that are less well i l luminated by earthquakes has advanced 

regional crustal studies (e .g . ,  Sabra et al . ,  2005 ; Shapiro et al . ,  2005 ; Stehly et al . ,  

2009 ; Shapiro, 2018) ,  continental - and global -scale tomography (e.g. , Lin et al . ,  
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2008; Zheng et al . ,  20 1 1 ;  Verbeke et al . ,  20 1 2 ;  Saygin and Kennett, 20 1 2; Nishida 

and Montagner, 2009; Kao et al . ,  20 1 3 ;  Haned et al . ,  20 1 6) ,  and the imaging of 

deep internal discontinuities (e .g . , Poli et al . ,  20 1 2 ; Boue et al . ,  20 1 3 ; Poli et al . ,  

20 1 5) and the inner core (e .g . ,  Lin et al . ,  20 1 3 ;  Huang et al . ,  20 1 6) .  Furthermore , 

the omnipresence of ambient noise has enabled the long-term investigation of time

dependent subsurface structures along active fault zones ,  beneath volcanoes ,  and 

within geothermal reservoirs (e.g . , Brenguier et al . ,  2008a,b; Obermann et al . ,  

20 1 3 ,  20 1 4, 20 1 5 ;  Hillers et al . ,  20 1 5 ;  Sens-Schonfelder and Brenguier, 20 1 8 ; 

Snieder et al . ,  20 1 8) .  
I n  general , theories  for Green's function retrieval rely on  the assumption 

that the ambient wavefield is  equipartitioned, meaning that all propagation 

modes are equally strong and statistically uncorrelated. Equipartitioning may 

arise either directly through the action of uncorre1ated and homogeneously 

distributed noise sources , or indirectly through sufficiently strong multiple 

scattering. 

In the Earth, wavefields are not generally equipartitioned for various reasons. 

Scattering may be too weak and attenuation too strong to produce significant mul

tiple scattering; and the distribution of noise sources is strongly heterogeneous , 

and time-variable (see Chapters 1 -3 [McNamara et al . ,  20 1 8 ; Gal and Read

ing , 20 1 8 ; Ardhuin et al. , 20 1 8]) .  While the frequency-dependent arrival times of 

fundamental -mode surface waves are empirically found to be rather robust, other 

components of the wavefield suffer from not meeting the requirements for Green's 

function retrieval . Well -documented problems include travel time and amplitude 

errors , incorrect higher-mode surface waves, the presence of spurious arrivals ,  

and the weakness or  complete absence of  body waves (e .g . ,  Halliday and Curti s ,  

2008 ; Tsai , 2009 ; Kimman and Trampert, 20 1 0; Froment et al . ,  20 1 0; Forghani and 

Snieder , 20 1 0; Fichtner, 20 1 4; Kastle et al . ,  20 1 6) .  Thi s  has , so far, prevented the 

application of finite-frequency and full -waveform inversion techniques that exploit 

complete waveforms for the benefit of improved resolution (e.g. , lgel et al . ,  1 996; 
Pratt, 1 999; Friederich, 2003 ; Yoshizawa and Kennett , 2004; Zhou et al . ,  2006; 

Fichtner et al . ,  2009 ; Tape et al . ,  20 1 0) .  

Concepts to circumvent these drawbacks and to establish a variant of interfer
ometry without Green's  function retrieval originated in helioseismology , though 

wavefields in the Sun are far more equipartitioned than in the Earth (Woodard, 
1 997 ; Gizon and B irch , 2002; Hanasoge et al . ,  20 1 1 ) .  Interferometry without 

Green's function retrieval makes no assumptions on the distribution of noise 
sources or the properties of the wavefield. Instead, interstation correlations can 

be computed for any distribution of noise sources and any type of medium. 

Information on both the noise sources and structure of the Earth may then be 
extracted through the comparison with observed correlations and the computation 
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of sensitivity kernels (e.g., Tromp et al., 2010;  Hanasoge, 2013 ;  Hanasoge and 
Branicki, 20 13 ; Fichtner et al., 20 17a; Sager et al., 20 18). 

In the following sections, we summarize the most prevalent theories for Green's 
function retrieval by correlation, which are based on normal-mode summation, 
plane-wave decomposition, and representation theorems, respectively. Subse
quently, we outline the basic concepts of interferometry without Green's function 
retrieval. Finally, we discuss alternative approaches to seismic interferometry, as 
well as possible future directions of research. 

4.2 Normal-Mode Summation 

Perhaps the simplest context in which a theoretical result exists linking correlations 
of noise recorded at two points to the Green's function between those points is for 
acoustic normal modes in a finite body. It is this case that we shall consider first, 
and for which we will give a fairly complete derivation. For this case, the equation 
governing motion is the acoustic wave equation, 

1 a2 
----_,u(x, t) 
K (X) at--

a ( 1 a 

) -. - ---. -_ u (x, t) = f(x, t) , 
axi p (x) a.ti 

(4.1) 

where x is the position vector, K is bulk modulus, p density, and f the external 
forcing that excites the pressure wavefield u. Throughout this chapter we employ 
the summation convention, meaning that summation of repeated indices is implicit. 
The various normal modes that solve equation (4.1) with vanishing right-hand side 
can be expressed generally as 

( 4.2) 

where sp(X) is the spatial mode shape or eigenfunction, wp is the frequency of the 
mode, and ¢ P is the phase of the mode. For the derivation provided below, it is not 
necessary to know the precise shape of each mode. The only property used will 
be that the modes are orthogonal in both space and time. For spatial orthogonal
ity, this implies that Ism (x)s11 (x)dx = 0 if m f. n; for temporal orthogonality, 
this implies that I cos(w111t + ¢111) cos(w11t + cjJ11)dt = 0 if Wm f. W11• It should 
be noted that in realistic media, many modes can share the same or close to the 
same frequency, leading to a more complex result as will be discussed below (Tsai, 
201 0) .  As a simple example that may help with intuition, one may consider the 
homogeneous one-dimensional string with fixed end points at x = 0 and x = L, 
for which the spatial modes can be explicitly written as sin(nrr x j L) with corre
sponding frequency w11 = nrrcj L, with c being the homogeneous wave speed. 
Spatial orthogonality reduces to the result that J sin(mrrx/ L) sin(nrrx/ L)dx = 0 

for m f. n (e.g., Haberman, 2013) .  
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Figure 4. 1 .  Schematic i l lustration of the Green's function from equation (4.3). 

Part of the reason that a normal-mode framework is particularly straightforward 

is that ( 1 )  Green's  functions are particularly easy to describe, and (2)  the noise 

correlation simplifies due to the orthogonality property. For each mode, the spatial 
orthogonality relation can be used to show that the Green 's function is described 

by (e.g . ,  Snieder, 2004b) { sp(x).\·p<x,) sin (wpt ) , for t > 0, 
Gp (X, Xs, f)= 10" 

0, for t < 0, 
( 4.3 )  

which is  schematically shown in Figure 4. 1 .  In other words, each mode oscillates 

as a sinusoid starting at t = 0, and the full Green's function is a sum over these 

components, G = L�=O G P (e .g . ,  Gilbert, 1 970; Haberman, 20 13 ) .  
Defining the normalized cross-correlation of two arbitrary functions f and g as 

T 
C[f (t), g(t)] = lim -

1 f f (r)g(r + t)dr, 
T�x 2 T  -T 

( 4. 4) 

then for an arbitrary general wavefield u (x ,  t) = Lp Apup (X, t), the temporal 

orthogonality property immediately results in many cross terms disappearing in 

the cross-correlation . Specifically, if all wp are different (see below for the more 

general case) then direct calculation shows that the cross-correlation of recordings 

at positions XA and x8 reduces to 

1 X ! 
C (xA , XB ) = C[u (xA , t), u (xB ,  t)] = 2: L A;,s p (XA)s p (XB) cos (wpt ) .  ( 4.5 )  

p=O 
Comparing equations ( 4.3 )  and ( 4.5 ) ,  it is thus clear that there is a potential 

relationship between the Green 's function and the cross-correlation. The most com

monly quoted version of this is that if Ap = ajwp , with a an arbitrary constant, 
then 

d a2 

dt 
C (xA , xB) = -

2 
[G (xA , XB, t)- G (xA , x8, -t)]. ( 4.6) 

This  statement says that if energy happens to be equipartitioned between all of 

the modes and hence amplitudes are weighted inversely with frequency, then the 
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time derivative of the cross-correlation between two stations i s  equal to the sum of 
a Green' s  function and a time-reversed Green's function between those same two 

points, up to a normalization factor. Alternatively, if modal amplitudes are all equal 

such that A P = a, then 

In other words, if modal amplitudes are all equal, then the cross-correlation 

between two stations is equal to the time derivative of the sum of a Green's  func

tion and its time-reversed version between those same two points, again up to a 

normalization factor. 

The two relationships ( 4.6) and ( 4.7 )  appear different, but in fact express the 

same identity. Since a time derivative results in a phase advance of goo, it is  

clear that both identities express the fact that each modal component of the cross

correlation is expected to be phase advanced by goo with respect to each modal 

component of the Green's function. This is also clear simply by comparing the 

sine term of equation ( 4. 3 )  with the cosine term of equation ( 4.5 ) .  
It is  important to  note two related points. Firstly, so  far, the identities hold for a 

deterministic process, and do not require any "noise' ' property to hold .  Secondly, 

however, as mentioned above, the identities require all modes to have different fre

quencies. This is clearly not expected in general. For example, on the Earth, two 

waves arriving from two different azimuths can easily have frequency content that 

is similar. Resolution to this issue occurs if cross-terms from modes with the same 

frequency still somehow cancel out, despite not satisfying the temporal orthogo

nality property. For "noise" sources, this may occur if the sources are uncorrelated 

over long timescales .  For example, take the case above of two waves created by 

two different wave sources ,  which could be two different ocean storms, at two 

different azimuths.  If the two sources randomly change their relative phase over 

time, rather than staying correlated over all time as a deterministic signal would, 
and if there is at least a small amount of damping in the system such that waves 

excited at one instance in time do not keep contributing forever, then eventually the 

cross-correlation between these two different sources would be expected to can

cel out and sum to zero. This cancellation of different uncorrelated noise sources 

has been discussed by many authors (e .g . ,  Lobkis and Weaver, 2001; Tsai ,  2010), 
most of whom treat each independent time period as a separate "realization" of an 

ensemble, and these authors have shown that the cancellation of noise occurs pro
portionally to the square root of time. While the above argument is a heuristic one, 
a mathematically rigorous derivation is possible that demonstrates that spatial ly 

uncorrelated sources can result in uncorrelated modes (e .g . ,  Lobkis and Weaver, 
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200 I ), but this  is beyond the scope of this work. The final result is an identity 
similar to equation ( 4.6) that states 

d N N a2 
-C[u (xA, t), u (xs, t)] = --[G(xA, Xs, t)- G(xA, Xs, -t)], ( 4.8 )  
dt 2 

if A P = a I w P and u N is a "noise" field for which each mode still vibrates sinu

soidally in time, but is  temporally uncorrelated with all other modes over long 

enough times, with the properties discussed in the previous paragraph. This is 

perhaps the most commonly quoted Green's function-noise correlation identity. 

So far, only the simplest case of acoustic waves has been considered. However, 

all of the arguments made above also work for modes of the elastic wave equa

tion with only minor modifications. For example, for vertical -component Rayleigh 

modes, one can still write a mode sum in the same manner, and equation ( 4.8 )  still 

holds in the same way. 
The primary issue with the normal mode derivation is that the assumptions 

are extremely limiting. For example ,  modes on Earth are certainly never close to 

equipartitioned for at least two reasons.  For one, the majority of noise sources 

on Earth are expected to be at or near the Earth 's surface (e.g. ,  ocean waves ,  

wind, industrial activity, traffic ) and such surface sources excite fundamental -mode 

waves much more strongly than they excite higher-order modes.  Thus, these differ

ent types of modes will have vastly di tierent amounts of energy (and will have very 

different modal ampl itudes), implying that the conditions for the identities to hold 
are not satisfied . Moreover, even within the subset of fundamental -mode waves, 

the fact that large noise sources, like ocean storms, are concentrated spatially in 

certain areas of the Earth implies that waves from certain directions will be much 

stronger and will therefore not be close to equipartitioned. Since the assumptions 

resulting in equation ( 4. 8 )  are not valid on the Earth, the result is  not expected to 

be generally exact. Moreover, within the normal -mode framework, it is  not clear 

how to evaluate how closely to achieving ( 4.8 )  noise correlations are likely to be 
for a realistic di stribution of seismic noise on Earth. 

4.3 Plane Waves 

Given that the assumptions of the normal -mode derivation are not expected to hold 

on the Earth, it is  worthwhile to consider other reasons why the identity of equation 

( 4. 8 )  still might hold or at least approximately hold. Our path forward is to con
sider the case of plane surface waves incident on a pair of stations, XA and x8, as 

before . One may note that for waves with wavelengths that are a small fraction of 
the radius of a weakly heterogeneous Earth , there is an equivalence between plane 
waves and normal modes. Plane waves are simply the propagating mode produced 
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by a far-field source that corresponds to the standing wave of the normal-mode 

framework. For a homogeneous halfspace, it may be useful to note that the equipar

tition assumption would imply an equal amplitude of energy incoming from all 

azimuths (e.g . ,  Weaver and Lobkis ,  2004) .  Due to this equivalence, it would be 

natural to assume that a similar Green's function cross-correlation identity should 

exist specifically for this case in which "noise" energy is  equally incident from 

all directions .  While using only far-field sources means that near-field sources are 

excluded from this description, one may argue that as long as the body (like the 

Earth) is large enough and attenuation is relatively small ,  the far-field contribution 

might be expected to dominate the energy from near-field sources, thus leading to 

the expectation that an identity might exist even when using far-field sources only. 

To derive this identity, one can again simply write down the Green's function for 
surface waves in a homogeneous,  acoustic, non-attenuating medium and compare 

it to the correlation of far-field plane-wave sources .  The Green's function for waves 

in a homogeneous 2D medium can be expressed in the frequency domain as 

-i (2 ) G(x, x�, w) = 4 'H0 (kr), (4.9) 

where H62 l is a Hankel function of order zero of the second kind, k w I c is 

wavenumber, Xs is the source position, and r = lx - Xs 1 .  (See, e .g. , Morse and 

Feshbach ( 1 953)  or Snieder (2004b) for derivations of equation ( 4. 9) though these 

use slightly different Fourier conventions than assumed here . )  Again, we write only 

the result for the 2D acoustic case, but anticipate the elastic case having the same 

form, for instance, for Rayleigh waves in a laterally homogeneous 3D medium. The 
far-field, time-domain version of this  expression (e .g . , Watson, 2008) is perhaps 
more easily recognized: 

G(x, x" I)= J 1 
cos[wl-(kr + rr /4) 1. 

8rrkr 
(4. 1 0)  

On the other hand, a general sum of far-field plane waves can be expressed as 

1 l2 JT 
u( x, t) = - A(8) cos ( w t-kr) de 

2rr 0 
( 4. 1 1 ) 

where the plane-wave density of sources at each azimuth is given by A(8) ,  and 

r is the distance from the far-field source to x. Just as in the normal-mode case, 

if we again assume that the plane wave sources from different azimuths are all 
uncorrelated, then eventually all cross-terms in the cross-correlation will cancel 
out and sum to zero, leaving only 

1 l 2 rr 
C[u(xA, t) ,  u(x8, t)] = -') A(8)2 cos( wt-ktlx cos 8)d8, 

8rr� o 
(4. 1 2) 
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Figure 4.2. Schematic illustration of a plane wave reaching receiver positions XA 
and xs. 

where D.x is the distance between xA and x8, and e is the azimuth of the source 
relative to the line between XA and x8 (see Figure 4.2). Note that unlike in the 

normal-mode case, there is a phase shift for each plane wave that accounts for the 

time delay between when the wave arrives at x8 and XA. 

At this point, it is useful to recognize that the integral can be computed 

exactly if A (e ) = a is constant, and can be approximated using the stationary

phase approxi mation even if A (e ) is not constant with azimuth. Qualitatively, the 

stationary-phase approximation can be understood as saying that the primary con
tributions to an oscillatory integral, like equation ( 4.12), occur from points where 

the oscillation phase is stationary, and all other contributions approximately can

cel out due to there being equal positive and negative contributions from nearby 

points (e.g. , B ath, 1968; Bender and Orszag, 1999). The end result is that the final 

integral can be approximated by substituting constant values of the non-oscillatory 

part of the integrand at the stationary points and integrating only over these sta

tionary points. In the case of equation ( 4.12), there are two stationary-phase points 

at e = 0° and e = 180°' so that the stationary-phase argument can be used to 

approximate the original integral as 

c (XA' Xs' t) ex: .!���2 At cos ( wt  -k D.x cos e )  de 

+ f3rr12 A2 cos ( wt-kD.x cos e )  de 
• JT /2 - ' (4.13) 

where A+= A(0°), A_ A(l80°), and the two primary contributions come from 
the two stationary-phase points at azimuths in line with the two stations . Equation 

( 4.13) can then be evaluated by direct integration (without a further stationary 

phase approximation to the integral ) as 

C(xA, x8, t) ex: A�[J0(kD.x) cos ( w t) + Ho(kb.x) sin ( wt) ]  

+ A�[J0(kD.x) cos (wt) Ho(kD.x) sin( w t) ] ,  (4.14) 

where 10 and H0 are Bessel functions and Struve functions of order zero, respec

tively (Watson, 2008). Although Struve functions are not a common special 
function, they are closely related to Bessel functions,  and can be thought of 

as pairing with Bessel functions much like sine and cosine pair together. S ince 



118 A. Fichtner and V. C. Tsai 

the stationary-phase approximation is a high-frequency approximation, as long 
as w is high enough or A (B) is close enough to constant and nonzero at the 

stationary-phase points ,  e quation ( 4 . 1 4) will be an accurate approximation. 

Considering each of the two terms of equation ( 4. 1 4) separately, and taking a 

far-field approximation for convenience, then 

c± (XA , XB) ex: A� /2 cos [wt =F (kr- rr/4)] ,  vili ( 4 . 1 5) 

where c± refer to the positive (e = 0°) and negative (e = 1 80 °) contributions 

to the integral , respectively. As in the normal-mode case, comparing e quation 

( 4 . 1 0) with equation ( 4 . 1 5) shows that there is a strong similarity between these 

expressions and an identity can be made by taking the time derivative of one term, 

that is  
d + 2 -C (XA. XB. t) CX: -wA + G (XA ,  XB , t ) , 
dt 

(4. 1 6) 

and a similar identity holds for the second term. Thus. we see that direct eval

uation of the cross-correlation and Green 's function for surface waves yields a 

similar identity as in the normal-mode case, as expected. It may also be noted 

that the identity could have also been written as c+ ex: A�dGjdt, analogously to 

equation ( 4.7) .  
Unlike the normal-mode framework, this explicit 2D plane-wave framework is  

also useful in assessing the degree to which a non-uniform noise source distribution 

causes departures from the expected result. Specifically, one could input arbitrary 

azimuthal distributions A (B )  of surface-wave noise sources into equation (4 . 12)  

and simply calculate how both the resulting traveltimes and waveforms from noise 

correlation depart from the expected Green's function traveltimes and waveforms .  

The integral in e quation ( 4 .12 )  can be evaluated numerically without using the 
stationary-phase approximation . and requires no assumptions about smoothness as 

long as sources from different azimuths are uncorrelated. Tests of this nature have 

previously been done (e.g. , Tsai , 2009 , 2011 ; Weaver et al . ,  20 II) and suggest that 

while traveltimes are typically only affected to second order, due to the station
ary phase regions still dominating, ampl itudes and hence waveforms can easily be 

affected to first order. 

4.4 Representation Theorems 

An alternative justification of Green's function retrieval by interstation correlation 

can be derived using representation theorems that relate a wavefield to its sources 

via the Green's function (e .g . ,  Aki and Richards ,  2002) .  In the following paragraphs 
we will outline the basics of this theory, borrowing essential concepts from the 
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homogeneous 

Figure 4.3. I l lustration of the two receivers XA and xs located inside the poten
tially heterogeneous domain D. The medium at and outside the boundary aD 
is assumed to be homogeneous so that waves only propagate outwards and not 
inwards. Furthermore, the wavenumber vectors kA and ks are assumed to be 
approximately parallel to the boundary normal vector n, which requires a nearly 
spherical shape of the boundary. To j ustify the assumption of purely outward
propagating plane waves,  the medium also has to be "sufficiently" homogeneous 
within a region along the inside of the boundary. 
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work of Wapenaar (2004) and Wapenaar and Fokkema (2006) .  For educational 

reasons we will start with the simpler, though for most of the Earth unrealistic , 

acoustic case, before transitioning to fully elastic wave propagation. 

4.4.1 Acoustic Waves 

As illustrated in Figure 4.3, we consider a domain D with boundary aD within 

which the two receivers XA and x8 are located. For convenience, we work in the 

frequency domain, where the acoustic wave equation ( 4.1) takes the form 

7 1  a ( 1 a ) - U.F--llA(X, w)-- ----UA(X, W) = fA(X, W), 
K(X) axi p(X) axi 

( 4.17) 

with the source fA exciting the wave state u A. A second source f 8 is assumed to 
excite the wave state u 8 that satisfies the wave equation 

, 1 a ( 1 a ) - w�--us(x, w)-- ----. us(x, w) = fs(x, w). 
K (X) a xi p (X) a.xi 

(4.18) 

Multiplying the complex conjugate of e quation ( 4.17) with u 8, and equation 

( 4.18) with the complex conjugate of u A, yields the following pair of equations ,  

, 1 a ( 1 a * ) - w---u�(x)us(x)- us(x)- ----uA(x) = us(x)J;(x), 
K (x) a xi p (x) a xi 

, 1 * * a ( 1 a ) * 
- w---uA(x)us(x) uA(x)- ----us(x) = uA(x) fs(x), 

K(X) axi p(x) axi 

(4.19) 

( 4 .20) 



120 A. Fichtner and V. C. Tsai 

where we omitted dependencies on w in the interest of a more succinct notation. 

Equations ( 4. 1 9) and ( 4.20) are valid under the assumption that the acoustic 
medium is  not attenuating, meaning that the frequency-domain bulk modulus K 

is a real-valued quantity. 

Subtracting equation ( 4 .20) from equation ( 4. 1 9) ,  and integrating over an 

arbitrary domain D, gives 

1 [ * a ( 1 a ) a ( 1 a * )] 3 
UA(X)- ----UB(X) -u8(X) -.- ---UA(X) d-x 

D a xi p (x) a xi a xi p (x) a xi 

= l [us(x)f�(x)- u�(x)fs(xl] d3x. (4.2 1 )  

Applying the product rule of differentiation to the left-hand side of e quation (4.2 1 )  
can be written as 

1 [ a ( * 1 a ) a ( 1 a * )] 3 
-, - UA(X) ---. -UB(X)

. 
-- UB(X) ----UA(X) d-x 

D axi p(x) axi axi p(x) axi 1 [ a * 1 a a 1 a . ·] 3 
- -uA(x) ----uB(x)--uB(x) ----u�(x) d-x 

0 axi p(x) axi axi p(x) axi 

= l [u B(x)j�(x) - u:, (x) fs(x)] d3x. ( 4.22) 

Realizing that the terms under the second integral in equation ( 4.22) cancel . we 

invoke Gauss 's theorem to transform the left-hand side into a surface integral, 

1 1 [* a .  a 

J 
,., 

-. - u A (x) -u B (x) - u B (x) -u� (x) ni (x) d-x 
dD p (X) ()xi ()xi 

= l [us(x)J;(x)- u�(xlfs(xl] d3x, (4.23) 

where n i i s  the i -component of the surface normal vector. So far, the sources fA and 

f 8 are generic, and therefore e quation ( 4.23)  represents a general relation between 

two acoustic wave states in a lossless medium. Specifying the sources as fA (x) = 
8 (x-XA) and f8 (x) = 8 (x-XB) determines the solutions�  u A (x) and u 8 (x) are the 
Green's functions G(x, xA) and G(x, x8), respectively. Inserting this into e quation 

( 4.23) yields 

where we also invoked reciprocity, G(xA ,  XB) = G(x8, XA) (e.g . ,  Aki and 
Richards ,  2002) .  Equation (4.24) is not yet particularly useful for Interferometry. 
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It requires further simplifications based on assumptions and approximations that 

need to be assessed on a case-by-case basis .  

The first set of assumptions is  that the domai n is  homogeneous around and 
outside the boundary aD that we require to be nearly spherical in  shape and suffi

ciently far from both XA and x8 . This allows us to approximate the Green's function 

at the boundary aD as a plane wave propagati ng exclusively out of the domain and 

not i nto the domain, that is 

G (x,  xx) �Ax e-ikn·x, with either X= A or X= B, (4 .25) 

and the amplitude of the wave state is Ax. The wavenumber k satisfies the dis

persion relation k = w I c, with the acoustic velocity c = vfKTj). This setup is 

illustrated in Figure 4 .3 . Under the plane-wave assumption, the spatial derivative 

a;axi results in multiplication by -ikni for G (x, x8 ) and ikni for G* (x, x.4) .  This 

condenses equation (4 .24) to 

Im G(xA, x8 ) � -- G(x, x8 )G  (x, xA ) d-x, 
w !, 

* ? 

c'p' aD 
( 4 .26) 

where p' and c' are density and velocity evaluated at the domai n boundary aD. 
To relate the Green' s functions in equation (4.26) to the propagation of ambient 

seismic noise, we consider noise sources, N (x). distributed along the boundary 

aD. When averaged, we assume sources at position x to be temporal ly uncorrelated 
with sources at position y, that is 

S(x) 8 (x - y) = (N (x)N* (y)), (4.27)  

where ( . ) denotes averaging. The frequency-domai n quantity S(x) is the power
spectral density distribution of the noise sources, which we assume to be spatially 

homogeneous, and denoted simply by S . Multiplyi ng the left -hand sides and the 

right -hand sides of equations ( 4.26) and ( 4.27 ) , and integrating over the boundary 
DD, gives 

SimG(xA, XB ) � _ _!!!__(!'[ G (x. x8 )N (x) G* (y, XA )N*(y) d2x d2y) .  (4.28) 
c' p' fw 

The surface 8 -function has been elimi nated by the integration. I n  equation (4.28 ) 

we recognize two representation theorems for a wavefield u excited by the noi se 
sources Nand recorded at XA and x8, respectively: 

u (xA.B )  = [ G (x ,  XA. B )N (x) dx. lao 
Combining equations ( 4 .28)  and ( 4.29), we obtain our final result, 

. 2 iw 
G(xA , XB ) - G'i' (XA, XB ) �- C (xB , XA ). Sc'p' 

(4.29) 

(4.30) 
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where C (x8 , XA) = (u (x8 )u* (xA )) is the ensemble averaged correlation function 

in the frequency domain. Equation (4.30) states that the correlation C (x8, XA ) 
approximates the Green's function between the receivers, G (xA , x8 ) minus its 

time-reversed version G* (xA, x8)  up to a scaling factor. The required assumptions 

are: ( 1 )  absence of attenuation, (2)  a medium that is homogeneous at and outside 

the boundary aD, as well as within a sufficiently wide region along the i nside of 

the boundary, (3 ) a sufficiently large distance between the receivers XA and x8 
to  the domain boundary aD, and ( 4 )  homogeneously distributed and decorrelated 

noise sources i n  the sense of equation (4.27 ). Items (2)  and ( 3 )  are needed to justify 

the approximation of the Green's function in  terms of purely outward-propagating 
plane waves .  

4.4.2 Elastic Waves 

To derive an analogue of equation (4. 30) for elastic waves propagating through 

the solid Earth's i nterior, we adapt the concepts used in the previous paragraphs 

on acoustic waves. As we will see, however, additional complications arise due 

to the presence of more than one wave type, that is, at least P and S-waves for 
the simplest case of a homogeneous isotropic medium. These complications will 

require us to make more severe assumptions and simpli fications. The propagation 

of elastic waves is governed by the elastic wave equation, written in the frequency 

domai n as 

" a 

[ 
a 

J . - uFp (x)ui (x, w ) -- Cijk! (x)-ui (x, w)  = fi (x, w) . 
ax j axk 

(4 .3 1 )  

Again omitting dependencies on w, the i -component of the Green's  function due 

to a force in p-direction, Gip (x, XA ), is defined as solution of equation (4.3 1 )  when 
the right-hand side is point-localized in time at t = 0 and space at x = XA , that is 

(4.32)  

where 8ip denotes the Kronecker delta. Using equations (4.3 1 )  and (4.32), we can 

follow exactly the same steps as in the acoustic case : ( 1 )  Define two states, A and 

B ,  (2)  multiply the equations for these two states by the other state, respectively, 

( 3 )  subtract the resulting equations, (4) integrate over the volumeD, and (5 ) apply 
Gauss 's  theorem. Again under the assumption that Cijkl is real-valued, meani ng that 

the medium is not attenuating, we fi nd the elastic version of equation (4.24): 

. 1 [ * a 
2 z  Im Gpq (XA , Xs ) = Gip (x, xA )cijkt (X)-Gtq (x, Xs ) 

aD axk 
a * J 2 - Giq (x, Xs)Cijkt (X)-G1P (x, XA ) n j (x) d x. 

axk . 

(4.33)  
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As in  the acoustic case, equation ( 4 .33)  requires simplifications to eliminate spa

tial derivatives and space-dependent medium properties i nside the i ntegral. Again, 

assuming that aD is far from the stations ,  and that the medium is homogeneous and 

isotropic along and outside the boundary, we may approximate the Green's func

tions G,p (x, xA ) by a plane wave propagating exclusively outwards and parallel to 

the boundary normal n, 

G ( ) ""'"' p -ikp n·x + S -iksn ·x  lp X, XA ""'"' lp. A e lp. A e . 
· (4.34) 

Since the medium is assumed isotropic, equation ( 4.34) contains a P-wave with 

polarization vector Ptp.A and wavenumber kp = wjcp ,  and an S -wave with polar

ization vector Stp. A and wavenumber ks = wjc5. Taking the spatial derivative 

a 1 axk of equation ( 4.34 ) ,  

a G ( ) ""'"' · (P  k -ikp n·x S k -iksn·x ) 
k lp X, XA ""'"' - l 11k lp . A p e  + lp. A se · (4.35)  

The appearance of two wave propagation modes generally leads to cross-terms 
of P- and S -waves when (4 .35 ) is substituted back i nto equation (4.33 ) .  These 

cross-terms can only be eliminated with additional assumptions and approxima

tions, several of which have been proposed in the literature (e .g . ,  Wapenaar, 2004; 

Wapenaar and Fokkema, 2006) .  Here. we will follow probably the simplest li ne 
of arguments, based on the relative size of the P- and S-wave contributions in  

equation (4.35 ) .  For a typical crust we have cpjc5 � J3 (e .g . ,  Dziewonski 

and Anderson, 1 98 1 ;  Kennett et al . ,  1 995 ) .  Using the expression for P- and 

S-wave amplitudes in a homogeneous medium (e .g . ,  Aki and Richards,  2002) 

yields Stp.A ks/ Ptp. A kP � 5 .4 ,  meaning that the P-wave contribution can be ignored 

relatively safely. Therefore, 

a G ( ) • .  s k -ik ')ll ·X k lp X, XA � -L 11k lp . A se . 
· 

With the help of equation (4 .36) ,  we can simplify (4.33)  to 

(4.36) 

ImG11q (XA, Xs )  � -ks { Giq (x. xs ) [nk (x)cijkt (x)n .i (x)] G711 (x, xA ) d2x. laD 
(4.37)  

Since the medium is  assumed isotropic along aD, we can expand the term in 

square brackets i n  terms of the Lame parameters A and f.l, 

11k Cijkt11 j = nk (A8ij 8kt + f.18ik 8jt + f.18il8jk )n .i = (A +  f.l )nint + f.18if . (4.38)  

Noticing that the product of the normal vector n 1 with the transversely polarized 

S -wave Green's function c;P vanishes (because the wave is assumed to propagate 

parallel to the surface normal) ,  equation ( 4 .37)  can now be modified to 

ImGpq (XA, Xs ) � -ksf.l' { Giq (x, Xs ) 8u G711 (x, xA ) d2x, laD (4.39) 
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with J.L1 being the constant shear modulus at the boundary aD. It remains to 

i ntroduce vector-valued noise sources N1 (x) that excite the wavefield 

u i (Y) = { Gu (y ,  x)N,(x) (Px. laD (4.40) 

Assumi ng that the sources are on average uncorrelated with vanishing cross

terms in the sense of 

( 4.4 1 )  

equation (4.39) collapses i nto an equation for the ensemble-averaged i nterstation 
correlation Cqp (XB , XA ) = (uq (XB )u ;, (xA ) ) : 

* 
2i wJ1' 

Gpq (XA, XB ) - G;)(/XA, XB ) � - --Cqp (XB , XA ). Scs (4.42) 

In analogy to equation (4.30),  equation (4.42) also relates the correlation of the 
wavefield at positions X;t and x8 to the i nterstation Green's  function G pq (X;t , x8 ) .  
To arrive at this result, we had to make new assumptions i n  addition to those 

made in the acoustic case already. These include ( 1 )  isotropy along and outside the 

domai n boundary aD, (2 )  the absence of otT-diagonal elements in the noise source 

power-spectral density, in the sense of equation (4.4 1 ), and (3 )  the domi nance of 

S-waves, which allowed us to neglect P-wave propagation. The latter assumption 

may, for instance, be replaced by assumptions on the relative strength of S- and 

P-wave sources, without changing the fi nal result (Wapenaar and Fokkema, 2006) .  

A difficulty of  the representation theorem approach outl ined above i s  a quan
tification of the extent to which the various approximations are actually met. This 

applies, in particular, to the plane wave approximations that require a hardly quan

tifiable degree of homogeneity arou nd the domai n boundary. As a consequence of 

the approximations and assumptions, the retrieval of the Green's functions on the 
left-hand side of equation ( 4.42) is in  practice never exact. 

Finally, we note that the previous derivations can also be performed in 20 where 

the waves may be interpreted as analogs of s ingle-mode surface waves propagati ng 

on the Earth's  surface .  This would merely require the use of 20 Green's functions 
in  the derivations. 

4.5 Interferometry Without Green's Function Retrieval 

While noise i nterferometry based on  Green's  function retrieval is one of the great 

successes of seismological research i n  the past 1 5  years, the fact that few of the 
assumptions needed for its theoretical justification are met i n  the Earth remains 
a concern. Failure to meet these assumptions leads to well-documented errors 

i n  traveltimes, ampl itudes , and waveforms that may become serious problems i n  
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application where high precision i s  needed, for instance, in time-lapse monitoring 

of fault zones, volcanoes ,  and reservoirs . 

An alternative to interferometry by Green's function retrieval, with potential to 
circumvent these issues, was proposed in helioseismology, before interferometry 

emerged as a major research field in geophysics (Woodard, 1 997;  Gizon and Birch, 

2002) .  The fundamental idea is to take a correlation function as what it is,  not trying 
to approximate a Green 's function. Being a deterministic time series, the correla

tion function is related via sensitivity kernels to the variations in noise sources and 
Earth structure that we are eventually interested in. This leads to a coupled inverse 

problem where both sources and structure need to be constrained, similar to earth
quake tomography. Alternatively, information on noise sources from ocean-wave 

models (e .g . ,  Ardhuin et al . ,  20 1 1 � Gualtieri et al . ,  20 1 3 , 20 1 4; Ardhuin et al . ,  20 1 5 ; 

Gualtieri et al . ,  20 1 5 ; Farra et al . ,  20 1 6) may be incorporated. 

Starting again with the acoustic case, we will outline key elements of this theory 
in the following paragraphs. Subsequently, we briefly summarize the general ization 

to elastic wave propagation, and provide a range of examples. A more detai led 
treatment may be found in Tromp et al. (20 1 0), Hanasoge (20 1 3  ) ,  or Fichtner et al . 

(20 1 7a) . 

4.5.1 Modeling Correlation Functions 

We start with the acoustic representation theorem (4 .29) that expresses the 
frequency-domain interstation correlation in terms of the sources N and the 

Green 's function G (m) for a suitable Earth model m. Multiplying u (xA ) with 

u* (x8 ) and using the representation theorem yields an expression for the time
domain correlation function, 

u (xA )u* (xs ) = J { G (x, XA )G * (y ,  x8 )N (x)N* (y )  dx dy. lao (4.43) 

The domain boundary aD is taken to be the surface of the Earth where most noise 
sources are located. However, the integral can be extended to a volume, if needed. 

The dependence of G on m is omitted to avoid clutter. When the noise sources 
are uncorrelated in the sense of equation ( 4.27 ) ,  the ensemble average of equation 

( 4 .43) is given by 

C (xA , XB ) = (u (xA )u* (xB )) = { G (x,  xA ) G* (x, XB ) S (x) dx. laD (4.44) 

Equation ( 4 .44) constitutes a deterministic relation between the correlation 

C (xA , x8 ) , the Earth model m, and the noise-source power spectral density 
S(x), which is allowed to be spatially variable. It implies that C (xA , x8 ) can be 
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Figure 4.4. S imulation of correlation functions. The source power-spectral den
sity is nonzero only in the gray-shaded region in the left panel. The resulting 
correlation functions for various Q values are shown to the right for a frequency 
band from 10 and 30 mHz. (Figure modified from Fichtner (20 15).) 

modeled without the need to simulate long-duration noise wavefields, and without 

constraints on the medium properties and the distribution of noise sources . 

Figure 4.4 i llustrates the simulation of noise correlations in a two-dimensional 
domain with homogeneous bulk modulus K = 2 .7  · 1 0 10 Njm2, density p = 3000 

kgjm\ and Q taking the values 50, 200, and oo. Noise sources in the form of 

nonzero power-spectral density S are located in the gray-shaded region. Due to 

the heterogeneous source distribution, the correlation function is mostly one-sided 

with an additional low-amplitude phase around t = 0. 

To estimate S and m, the simulated correlation C (xA, x8) must be compared to 

an observed correlation co (xA, x8). In the interest of s implicity, we assume for the 

moment that this comparison is done through the computation of the L2 waveform 

misfit, 

1 f 0 2 X = l [C(XA, XB, w)- C (XA, XB , w)] dw . (4.45) 

Using Parseval ' s  theorem, equation (4.45) can also be written in the time-domain 

form 

(4.46) 

which is, however, less convenient for our purpose. In response to infinitesimal 
perturbations of the noise sources o S and the Earth model om, the simulated cor

relation is perturbed from C to C + oC , which in tum induces a perturbation of the 
misfit from x to x + o x . Knowing the relation between the perturbations o S and 

om would allow us to construct models of noise sources S and Earth structure m 
such that the misfit x is minimized. This relation between model and misfit pertur
bations can be written in terms of Frechet or sensitivity kernels that we will derive 
in the following paragraphs .  
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4.5.2 Sensitivity Kernels for Noise Sources 

Using equation (4.45 ) ,  the misfit perturbation 8 x = x (C + 8C ) - x (C )  is given by 

Sx = j [C (xA . xs ) � C" (xA , x8 ) ] 8C (xA . x8 ) dw . (4.47) 

Assuming that perturbations of the correlation function, 8C, arise from pertur

bations in the power-spectral density, 8 S, we find a relation between 8 x and 8 S 
with the help of the forward modeling equation ( 4.44 ) :  

8X = { J [C (XA , Xs ) C0 (XA , Xs ) ] G (x ,  XA )G * (x, Xs ) 8S (x) dw dx. (4.48) laD 
To simplify equation ( 4.48) ,  we define the noi se source kernel Ks as 

K, (x) = j [ C (xA , XB ) C" (xA , XB ) ] G (x, x,., )G' (x, XB ) dw . ( 4.49) 

The relation between a perturbation of the noise sources , 8S, and the resulting 

perturbation of the misfit, 8 x , is now given by 

8x = f K� (x) 8S (x) dx. laD (4.50) 

The kernel Ks captures the spatial sensitivity of the measurement to the noise 
sources. In regions where Ks attains large positive values, a positive perturbation 

of the sources leads to an increase of the misfit, and vice versa. Solving an inverse 

problem for the noise sources involves finding perturbations 8 S of an initial noise 

source model S such that the misfit is minimized. 

The waveform misfit introduced in equation ( 4 .45 ) is only one of many possible 

ways to quantify the difference between observed and simulated correlation func

tions. Other misfits may be better suited for specific applications. One example is 
the travel time misfit used in transmission tomography. Regardless of the specific 

choice, the misfit variation, 8 x , can generally be written in the form 

Sx = j f 8C (xA , x8 ) dw.  ( 4.5 1 )  

with a frequency-dependent function f, called the adjoint source (e .g . ,  Fichtner 
et al . ,  20 1 7a) . In the specific case of the L2 waveform difference, given in equation 

(4.47) ,  we have f = C (xA , Xs ) - C0 (XA , Xs ) . 
Examples of source kernels for travel time measurements (Luo and Schuster, 

1 99 1 )  on the large-amplitude arrival in Figure 4.4 are shown in Figure 4.5 as a 

function of attenuation and bandwidth. The kernels have the shape of hyperbolic 
jets, also known as end-fire lobes. As intuitively expected, the kernel decays more 
quickly with distance from station x8 as attenuation increases. More oscillatory 
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Figure 4.5. Noise source kernels for travel time measurements on the large
amplitude wave in Figure 4.4. The first-order feature is a hyperbolic jet behind 
station xs known as end-fire lobe. Detail s  depend on attenuation, bandwidth and 
Earth structure. (Figure modified from Fichtner (20 15).)  

features appear for measurements in a narrower frequency band. It follows that 

smooth perturbations of S will only contribute when located roughly within the 

first Fresnel zone along y = 0. 

4.5.3 Sensitivity Kernels for Earth Structure 

The relation between the misfit x and perturbations in Earth structure, 8m, are 

slightly more difficult to derive because m is not explicit in the forward modeling 
equation (4.44), but implicit inside the Green's functions . Applying the product 

rule to equation ( 4 .44 ), we find the variation of the correlation function in terms of 
variations of the Green's  function, 

8C (xA , Xs ) = { [8G (x, XA ) G* (x, Xs ) + G (x, XA ) 8G* (x ,  x8 ) ]  S(x) dx. lao 
(4.52)  

With the help of the acoustic wave equation ( 4. 1 7 )  we can eliminate 8 G from 

equation (4.52) . Choosing the force term in the acoustic wave equation (4. 1 )  to be 
point -local ized, that is ,  fA (x) = 8 ( x - xA ) ,  we obtain the governing equation of 

the Green's function, 

- w- -- G (x, XA ) - - -- -- G (x,  XA ) = 8 (x - XA ) .  
7 1  a ( 1 a ) · 

K (X) a xi p (X) a xi 
(4.53 )  
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Perturbing the bulk modulus from K to K + 8K , and keeping in mind that G 
depends on K as well, we obtain the perturbation equation 

? 8K (X) ? 1 
w-

K
2
(x) 

G (x, XA ) - w-
K (X) 

8G (x, XA ) = 0. (4.54) 

Solving equation (4.54) for 8G (x ,  xA ) ,  and using the corresponding expression 

for 8G (x, x8 ) ,  equation (4.52)  transforms to 

8C (xA , xs ) = --. G (x, XA ) G (x, xs ) + G (x, XA ) G (x, xs ) S (x) dx. 
1 8K (X) [ * * ] dD K (X) 

(4.55)  

Substituting ( 4.55)  into the general expression for the misfit variation ( 4.5 1 ) ,  we 
finally obtain 

with the structure kernel 

KK (x) = -- G (x, XA ) G (x, Xs)  + G (x, XA ) G (x, Xs ) dw. f 
f S(x) [ * * ] K (X) 

(4.56) 

(4.57) 

The kernel KK captures the first-order relation between variations in the bulk 
modulus K and the misfit x .  It  depends on the noise source power-spectral density 
S and the adjoint source f, which is determined by the specific choice of a misfit 

functional . Using the same line of arguments as above, a sensitivity kernel for vari
ations in density, 8p , can be derived. Sensitivity kernels for derived medium prop
erties ,  for instance the acoustic velocity c = FJP, follow from the Jacobian rule . 

Continuing the examples from the previous figures, Figure 4.6 shows sensitiv

ity kernels for travel time measurements on the large-amplitude arrival at positive 

times with respect to acoustic velocity. Similar to finite-frequency kernels for 

surface waves from earthquakes or active sources (e .g . ,  Friederich, 2003 ; Zhou 

et al . ,  2004; Yoshizawa and Kennett, 2005) ,  sensitivity is mostly located between 

the receiver pair. An additional contribution right of station x8 results from the 
heterogeneous distribution of the noise sources. 

4.5.4 The Elastic Case 

While we have limited ourselves to the acoustic case for pedagogical reasons so 

far, the previous developments can be translated almost one-to-one to elastic wave 
propagation that is more relevant for the Earth. Indeed, using the elastic version 
of the representation theorem ( 4.40), the cross-correlation matrix can be written in 
analogy to equation ( 4 .44) as 

Cpq (XA , xs ) = { Gpi (XA , x) G;j (xs , x) Sij (x) dx, laD (4.58)  
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Figure 4.6. Sensitivity kernels for measurements of travel time on the large
amplitude waveform in Figure 4.4 with respect to acoustic velocity c. In contrast 
to the source kernels, sensitivity is primarily located between the receivers, with 
an additional contribution right of station x8 that results from the heteroge
neous noise source distribution. The kernels broaden with increasing attenuation, 
that is, increasing dominance of lower frequencies. (Figure modified from 
Fichtner (20 1 5 ). )  

where SiJ is the power spectral density matrix of  the noise sources a s  a function of 

space and frequency. Following exactly the same steps taken in sections 4 .5 .2  and 

4 .5 .3 ,  we can derive sensitivity kernels for noise sources and Earth structure (e .g . ,  

Tromp et al . ,  20 1 0; Fichtner, 20 1 4; Fichtner et al . ,  20 1 7a), 

8 X = { Ks. iJ (x) SiJ (x) dx + { Ki (x)8mi (x) dx, (4.59) lao lo 
where mi represents all parameters of an elastic Earth model , for instance P and S 

velocities, density, and attenuation. 

Examples for noise source and Earth structure kernels on the global scale are 

shown in Figure 4.7 .  The noise source kernel is computed for the measurement 

correlation asymmetry of the causal and acausal fundamental-mode surface wave 
at long periods from 1 50 to 300 s (Ermert et al . ,  20 1 6, 20 1 7) .  Note that the ker

nel focuses at the antipoles of the two stations. This phenomenon reflects the fact 

that noise sources at the station antipoles radiate waves that focus at the stations, 

thereby affecting the correlation amplitudes particularly strongly. The Earth struc

ture kernel is for the measurement of surface wave energy in the causal branch 

of the correlation function, and with respect to the Lame parameter 'A. Noise 
sources for this  example are homogeneously distributed in the oceans but zero 

on land. 
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Figure 4 .7 .  Global-scale sensitivity kernels for noise sources and Earth structure. 
The source distribution used to compute correlation functions is homogeneous 
and nonzero only in the oceans, and S20RTS (Ritsema et al . ,  1999) has been 
used as Earth model. Left: Noise source sensitivity kernel for the measurement 
of correlation asymmetry between the causal and acausal surface waves at long 
periods from 150 to 300 s. Note the characteristic focusing of the kernel at the 
station antipoles. Right: Earth structure sensitivity kernel for the measurement of 
surface wave energy on the causal branch with respect to the Lame parameter A. .  

These sensitivity kernels provide a quantitative l ink between measurements on 

noise correlations and variations in noise sources and Earth structure. With slightly 
higher algebraic effort, the kernel expressions can be adapted to misfit functionals 

that may be more suitable than the L2 waveform misfit of equation (4.45 ) that 

we have largely chosen for convenience. Misfit functionals that enable a more 

differentiated extraction of time- and frequency-dependent differences in phase 

and amplitude may be found in the recent waveform inversion l iterature (e.g . ,  Luo 

and Schuster, 1 99 1 ;  Gee and Jordan, 1 992; Fichtner et al . ,  2008 ; van Leeuwen and 
Mulder, 20 1 0; Brassier et al . ,  20 1 0; Bozdag et al . ,  20 1 1 ;  Rickers et al . ,  20 1 2) .  The 

design of suitable measurements that allow us to solve the coupled source/structure 

inverse problem is an area of active research. 

4.6 Discussion 

In the following, we provide a summary of the previous mathematical develop

ments in the l ight of practical applications .  Furthermore, we give a brief overview 
of alternative approaches to interferometry that we do not cover in detail in this  

chapter due to limited space. 
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4.6.1 Green 's Function Retrieval 

The overwhelming majority of noise interferometry studies is  based on Green's 
function retrieval by interstation correlation. The undeniable success of the method 

is due to its simplicity on multiple levels :  The computation of correlation functions 

is an easy mathematical operation that lends itself very well to implementation 

on modern supercomputers that allow us to process large quantities of data in 

reasonable amounts of time (Fichtner et al . ,  20 1 7b ). While the theoretical require

ments of Green' s  function retrieval are generally not met on Earth, at least the 

frequency-dependent traveltimes (dispersion) of fundamental-mode surface waves 

are empirically reliable and for most applications sufficiently relatable to the trav

eltimes of the Green' s  function. Furthermore, with such an approach, existing 

techniques for the inversion of earthquake or active-source data can be used to 

invert noise correlations without the need to develop genuinely new inversion 

technologies. 

The drawback of Green's function retrieval l ies in the absence of a theory that 

applies to the Earth with all its unavoidable complexities ,  including 3D hetero

geneity, attenuation, anisotropy, non-equipartitioned noise, and noise sources that 

are heterogeneously distributed and highly variable in time. The consequences are, 
as mentioned in the introduction to this chapter, that traveltimes, amplitudes ,  and 

waveforms may be incorrect, and that modern inversion techniques that exploit 

complete waveforms for improved resolution are therefore not applicable. 

In addition to practical limitations of Green 's  function retrieval, there is a philo

sophical dilemma. A physical theory is generally valid as long as there are no 
observations that it cannot explain (e .g . ,  Popper, 1 935 �  Tarantola, 2006) .  In this 

regard, the theories for Green's function recovery presented earlier in this chapter 

are sensu stricto inval id because real-data noise correlations typically carry clear 

signs of not being Green' s  functions (e .g . ,  spurious arrivals, missing phases) .  From 
a pragmatic, though not from a science philosophy, point of view, this problem may 

be overcome to some extent by ignoring those parts of a noise correlation dataset 

that are not plausible Green 's function approximations.  

4.6.2 Interferometry Without Green 's Function Retrieval 

Interferometry without Green's  function retrieval, presented in section 4 .5 ,  is  

designed to function without assumptions on the nature of the ambient noise wave

field and the properties of the Earth and noise sources . A correlation function is  

modeled on the basis of the noise-source power-spectral density distribution that 
may vary in time and space. Observable variations in the correlation function can 
then be related to variations in Earth structure and noise sources, either through 

model space sampling or via finite-frequency sensitivity kernels.  
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In addition to being conceptually  clean,  interferometry without Green's  function 

retrieval offers the opportunity to exploit waveforms in the correlation function that 
one would not expect in the Green's function. This includes, for instance, early 

arrivals prior to the P-wave that result from noise sources outside the stationary 

phase regions .  

The most significant drawback of interferometry without Green's  function 

retrieval, which has so far limited its widespread application in geophysics, is 

increased mathematical and computational complexity. The forward problem can

not be solved s imply by computing a Green's function between two receivers, and 

traditional inversion methods that ignore finite-frequency effects may not be used . 

Another price to pay for being able to exploit any waveform without restrictive 

assumptions is the need to account for sources and structure at the same time, 

which unavoidably increases the model space dimension and the nullspace. As in 

earthquake tomography, good results can only be achieved when sources and struc
ture are constrained simultaneously (e .g . ,  Valentine and Woodhouse, 20 1 0) . This 

also applies to interferometry based on Green's  function retrieval, where a distri

bution of sources that is incorrectly assumed to be homogeneous may degrade the 

tomographic images . As an alternative to the joint inversion for source and struc
ture, information from physical noise source models that relate ocean wave height 

to the noise-source power spectral density may be incorporated in the future (e .g . ,  
Ardhuin et al . ,  20 1 1 ;  Gualtieri et al . ,  20 1 3 , 20 1 4; Ardhuin et al . ,  20 1 5 ;  Gualtieri 

et al . ,  20 1 5 ; Farra et al . ,  20 1 6) .  

While being more involved and still i n  its infancy, interferometry without 
Green's function retrieval is producing promising initial results that make future 

successful applications seem possible (e .g . ,  Hanasoge, 20 1 3 ; Basini et al . ,  20 1 3 ; 
Delaney et al . ,  20 1 7 ; Stehly and Boue, 20 1 7 ; Ermert et al . ,  20 1 7 ; Sager et al . ,  

20 1 8) .  

4.6.3 The Importance of Processing 

In our previous mathematical developments we entirely ignored an essential ele

ment of practical ambient noise interferometry: data processing ( see Chapter 5 

[Ritzwoller and Feng, 20 1 8] ) .  S ince the ambient noise wavefield is "polluted" by 

earthquake signals and excited by sources that are imperfect from the perspec
tive of Green' s  function recovery, numerous processing and stacking schemes have 

been proposed in order to obtain more plausible Green's function approximations .  

These include the averaging of causal and acausal correlation branches, spectral 

whitening, time-domain running averages, and frequency-domain normalization 
(e .g . ,  Bensen et al . ,  2007 ; Groos et al . ,  20 1 2) ,  as well as one-bit normalization 

(e .g . ,  Larose et al . ,  2004; Shapiro and Campillo, 2004; Cupillard et al . ,  20 1 1 ;  Hana
soge and Branicki, 20 1 3) ,  phase-weighted stacks based on the Hilbert transform 
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(Schimmel and Paulssen, 1 997 ; Schimmel et al . ,  20 1 1 )  or the S transform (Baig 
et al . ,  2009) ,  directional balancing (Curtis and Halliday, 20 1 0) ,  Welch's  method 

of overlapping time windows (Welch, 1 967 ; Seats et al . ,  20 1 2) ,  the application of 

curve let de-noising filters (Stehly et al . ,  20 1 1 ), or a sequence of selection and noise 

suppression filters (e.g . ,  Boue et al . ,  20 1 4; Nakata et al . ,  20 1 5) .  

Despite the large number of  noise interferometry studies, a clear consensus on 

the best processing scheme, however defined, has not emerged. This indicates 

that the optimal processing is dependent on the specifics of a particular dataset and 

on the type of information that one wishes to extract. Often, processing is to some 

extent subjective . Differences in processing can lead to significant differences in 

the correlation functions (Bensen et al . ,  2007) ,  which leaves an unavoidable imprint 

on the sensitivity to Earth structure and noise sources (Fichtner, 20 1 4; Stehly and 

Boue, 20 1 7) .  An example of how processing can modify the correlation function 

is presented in Figure 4 .8 . 

That processing modifies correlation waveforms and their sensitivity is not a 

problem in itself. However, it may become a problem when not properly taken into 

account in the forward modeling. From earthquake tomography it is well known 

that observations and synthetics must be processed in exactly the same way in 

order to ensure that the sometimes subtle differences between them are indeed 

a) raw correlation 
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Figure 4.8. Modification of the correlation function between the Californian 
stations ADO and BC3. (a) Raw correlation function computed without pre
processing of the individual recordings. (b) Correlation function computed after 
one-bit normalization of the recordings. (c) Location map of stations ADO and 
BC3. (Figure modified from Fichtner et al. (20 17a).) 
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due to sources or structure. Noise interferometry currently does not operate at the 

same level of precision, meaning that operations such as various normalizations 
or elaborate stacking are not taken into account in the forward problem solutions . 

This may lead to incorrect inferences of structure and sources . While a theory that 
incorporates noise correlation processing does exist (Fichtner et al . ,  20 1 7  a) , it still 

awaits application to real data. 

4.6.4 Altern ative Approaches 

The early recognition that the theoretical prerequisites of Green's function retrieval 
are not met on Earth led to the development of a large number of alternative 

approaches to ambient noise interferometry, only a small fraction of which can 

be summarized here . 
Interferometry by deconvolution (e .g . ,  Snieder and Safak, 2006; Vasconcelos 

and Snieder, 2008a,b) replaces the frequency-domain multiplication in correlation 
by a division . As a result, the interferogram is less dependent on the wavefield 

source and still an approximation of a Green 's function. 
Similarly, interferometry by multi-dimensional deconvolution (e.g. ,  Wapenaar 

et al . ,  2008;  Wapenaar and van der Neut, 20 1 0; Wapenaar et al . ,  20 1 1 )  tries to 

correct for the lack of wavefield equipartitioning. Based on the realization that the 

virtual source of a noise correlation is not point local ized but smeared into a point

spread function, the point-spread function is  deconvolved in order to obtain a better 

Green's function approximation. 
Instead of correcting for the imperfections of the noise sources, iterated corre

lation tries to exploit coda waves (e.g . ,  Stehly et al . ,  2008) .  The main rationale 
is that the coda of a noise correlation may represent a wavefield that is closer to 

being equipartitioned than the original noise wavefield. Re-correlating the coda 

should then provide an improved Green's function approximation. The extent to 
which this approach relies on a homogeneous distribution of scatterers in the Earth 

remains to be fully explored. 

4. 7 Conclusions 

During the past decade, ambient noise interferometry has profoundly changed the 

field of seismology. It has substantially increased tomographic resolution in regions 

without conventional wavefield sources, and i t  has enabled continuous monitoring 

of the subsurface.  

The large majority of interferometry applications is based on Green's function 

retrieval by interstation correlation of noise. The success of this  approach rests 

on the easy implementation of the noise correlation operation and on the pos
sibility to reuse inversion methods for earthquake and active-source data almost 
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without modification. Green's  function retrieval can be j ustified theoretically using 
a variety of techniques, including normal-mode summation, plane-wave superpo
sition, and representation theorems . The results are generally  similar and based on 

related assumptions of wavefield equipartitioning, the homogeneous distribution of 

decorrelated noise sources, and the absence of attenuation . S ince these assumptions 
are never satisfied on Earth, noise correlations only approximate Green's func

tions . The extent to which differences between the two are practically relevant is 

somewhat application-specific and may be assessed on a case-by-case basis .  

Interferometry without Green 's  function retrieval aims to overcome these limi

tations by dropping any assumption on equipartitioning, noise source distribution, 

and wave propagation physics. Noise correlations are taken as what they are, 

without any attempt to approximate a Green's  function. Measurements on noise 

correlations are related to noise sources and Earth structure via sensitivity kernels 

that allow us to solve inverse problems. This gain of generality comes at the price 

of increased computational complexity and the need to solve an inherently coupled 

inverse problem for both noise sources and Earth structure. First, this  will require 

that source and structure inversion use noise correlations averaged over exactly 

the same time interval, because noise sources may change over time. Second, it 
is understood that the independent resolution of noise sources and Earth struc

ture will require adequate coverage, the availabi lity of which is a current topic of 

research. 

The future of ambient noise interferometry is naturally hard to predict. While 

the basics of interferometry by Green's function retrieval have become standard, 

continued innovation will likely depend on our ability to exploit more information 
in a more reliable way. This will involve a combination of both improvements of 

data processing schemes and improvements of the forward and inverse modeling 

physics. 
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