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Abstract Earthquakes occur within complex fault zones containing numerous intersecting fault
strands. This complexity poses a computational challenge for rupture models, which typically simplify
fault structure to a small number of rough fault surfaces, with all other deformation assumed to be off-
fault viscoplastic deformation. In such models, high-frequency ground motions originate solely from
frictionally mediated, heterogeneous slip on a small number of potentially rough fault surfaces or from
off-fault viscoplastic deformation. Alternative explanations for high-frequency ground motion generation
that can account for a larger number of fault surfaces remain difficult to assess. Here, we evaluate the
efficacy of a recently proposed stochastic impact model in which high-frequency ground motion is
caused by elastic impacts of structures within a complex fault zone. Impacts are envisioned to occur in
response to fault motion in the presence of geometrical incompatibilities, which promotes transfer of

slip onto different fault strands on timescales mediated by elasticity. We investigate the role of a complex
fault zone for high-frequency ground motion by comparing the underlying assumptions and resulting
predictions of impact and rough fault frictional models. Relative to rough fault frictional models, impact
models are characterized by deformation timescales and corner frequencies that are set by elasticity rather
than viscoplasticity, relatively angular rather than smoothly varying fault roughness geometries, high-
frequency radiation patterns that are more isotropic, and higher P/S radiated energies. We outline ways
to discriminate whether impact or rough fault frictional models are more likely to explain observations of
high-frequency ground motions.

Plain Language Summary Why are some earthquakes of the same size gentler and some of
them more destructive? It is known that earthquakes usually occur in fault zones with many intersecting
faults, but most models that attempt to explain the variability in destructiveness assume that earthquakes
occur on a single fault surface. Here, we consider how the complex interactions between structures
within a fault zone with many fault surfaces may contribute to the damaging jerky ground motions.
Collisions between discrete fault blocks are envisioned to occur to allow large-scale sliding that is needed
to occur during an earthquake. We find that the nature of ground motions from such collisions depends
on the sizes and geometries of the blocks, that the spatial variability in ground motions depends on the
orientation of the collisions, and that different waves are excited differently by collisions as compared
with the shearing motions typically assumed for earthquakes. We compare the collision model with more
standard models of earthquakes and discuss how the predicted differences may be used along with certain
earthquake observations to distinguish between the models.

1. Introduction

For millennia, humans have felt the ground motions from earthquakes but have had a poor understanding of
why the shaking occurred, with mythologies ranging from the movement of subterranean turtles or a giant
catfish to Poseidon striking the ground with his trident (Nur, 2008; SCEC, 2014). A major advance in our sci-
entific understanding occurred with the 1906 San Francisco earthquake, when Reid (1910) recognized that
earthquakes are caused by the release of elastic stress built up on faults like the San Andreas. In the past cen-
tury, our understanding of earthquakes has advanced considerably, with the Haskell (1964) and Brune (1970)
models demonstrating how sudden initiation and ending of fault slip can cause strong accelerations (Madar-
iaga, 1976), and that heterogeneous slip can lead to additional high-frequency ground motions (Aki, 1967;
Frankel, 1991; Mai & Beroza, 2002). This understanding motivated many of the latest state-of-the-art ground
motion simulations (e.g., Dunham et al., 2011b; Shi & Day, 2013; Wollherr et al., 2018). Such studies explore
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Figure 1. Schematic of the physical processes in a complex fault zone. (a) Geometry of the Fort Foster Fault Zone (Maine), which we take as archetypical of

a complex fault zone (adapted from Swanson, 1988). (b) Schematic idealized geometry of a complex fault zone with multiple anastomosing fault strands. The
green “pss” line denotes the nominal principal slip surface on which fault slip initially occurs. Question marks denote areas of high tensile or compressive
stresses induced by the fault roughness during slip. (c) The standard approach to accommodate rough fault slip assumes that when the plastic yield limit is
reached off of the main fault, then viscous flow occurs to relieve those stresses. (d) The impact model (Tsai & Hirth, 2020) accommodates rough fault slip by
assuming that discrete structures within the fault zone suddenly change their motion (small colored arrows) by transferring slip onto different fault strands
(colored fault strands) on timescales mediated by elasticity. The rightmost schematic shows in green the new fault strand with the highest relative slip after slip
is transferred onto the blue segments. The blue arrows show the change in motion, which is notably not parallel to the main fault trend and has a component
that is fault normal. The dashed green fault strand and dashed arrow show one potential next transfer of slip and impact event.

the possibility that a significant fraction of strong ground motion is facilitated by off-fault viscoplastic defor-
mation that is, in turn, caused by slip on rough faults, with additional complexity caused by wave propagation
and scattering through heterogeneous Earth structure (Graves & Pitarka, 2016; Takemura et al., 2009).

Despite the many advances in our understanding of earthquake ground motions, it remains unclear how
complex fault zone structure contributes to high-frequency ground motions. There is abundant evidence
that fault zones are complex at a range of scales (e.g., Chester & Chester, 1998) including at seismogenic
depths (see Figure 1a) (e.g., Faulkner et al., 2003; Swanson, 1988), but even the most complex numerical
rupture models typically only have one or a few rough fault segments (e.g., Bruhat et al., 2020; Ulrich
et al., 2019), despite the potential importance of these more complex structures in causing significantly
stronger high-frequency ground motions. Thus, the current state-of-the-art simulations may still be limited
in how accurately they predict high-frequency ground motions, due to computational limitations in the
number of fault segments, assumptions made for numerical stability, and the range of physics that is im-
posed to describe more complex fault-zone interactions.

To better understand how ground motions are affected by complex fault zone structure, such as illustrated
in Figure 1a, we provide an in-depth analysis of the ground motion predictions from a stochastic fault-zone
structural impact model (Tsai & Hirth, 2020) and contrast the predictions from this model with those from
more standard rough single-fault rupture simulations. Specifically, we describe the differences in physical
assumptions between the two types of models (Section 2), explain the main quantitative predictions of the
impact model (Section 3), and provide an explicit comparison between the two models in a simplified fault-
zone geometry for which both models can provide approximate predictions (Section 4).

2. Qualitative Comparison of the Elastic Impact Model vs. Rough-Fault
Friction Models With Off-Fault Plasticity

Before providing detailed predictions (Sections 3 and 4), we first discuss the qualitative differences specifi-
cally between the standard rough fault frictional models and the elastic impact model. The main differences
between these two end-member models and some of the reasoning behind why it may be appropriate to
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consider an alternative to the rough fault frictional models were described by Tsai and Hirth (2020). A more
detailed comparison is presented here to clarify both the context in which we believe the elastic impact
model may be appropriate and why current frictional slip simulations may not account for important physi-
cal processes that the impact model describes. It is important to keep in mind that the frictional and the im-
pact models are not mutually exclusive; indeed we anticipate that both play an important role for real earth-
quakes, with frictional slip controlling the low-frequency ground motions, and elastic impacts contributing
significantly at high frequencies. A quantitative comparison between the models is presented in Section 4.

2.1. Standard Rough Fault Frictional Models With Off-Fault Deformation

The “standard” rough fault frictional models that we compare with are numerical simulations on non-pla-
nar faults with rate-and-state dependent friction which include off-fault deformation; we take as archetyp-
ical the models of Dunham et al. (2011b), Shi and Day (2013), and Wollherr et al. (2018). While the three
numerical simulations mentioned were implemented independently and solved with different techniques,
they share many of the same basic physical assumptions, the relevant ones which we describe briefly, and
refer the reader to those publications for further details.

In these frictional models, one or a few faults with arbitrary but defined geometries are assumed to slip
without fault opening, and with rate-and-state dependent friction (e.g., Rice, 1983) that includes strong
rate weakening (e.g., Rice, 2006). Near-planar fault geometries are typically imposed with a given surface
roughness that scales in accordance with geologic observations (Dunham et al., 2011b) or to match specific
known fault geometries. Three aspects of the models are important to consider for making comparisons to
the impact model. First, it is computationally difficult to include more than a few fault surfaces and so mul-
tiple connected sub-parallel or anastomosing fault strands are typically not included. Second, for all of the
models described, friction is assumed to drop by an order of magnitude from static values for slip velocities
in excess of a few tenths of a m/s or slip in excess of tenths of a meter (Rice, 2006). Third, the models all
incorporate Drucker-Prager off-fault plasticity with a viscous flow law to accommodate deformation once
plastic yield criteria are reached (Dunham et al., 2011a). Within such a numerical framework, including
viscous flow is necessary because perfect plasticity results in numerical artifacts and is therefore ill-posed
(Dunham et al., 2011a); plasticity is required in rough fault models to relieve the large stresses that would
otherwise form around geometrical incompatibilities as slip occurs. As illustrated in numerous studies,
off-fault yielding is most prevalent on the extensional side of the fault and on the extensional sides of fault
bends (Chester & Chester, 2000; Dunham et al., 2011b; Templeton & Rice, 2008) (see Figure 1c).

There are a number of other earthquake rupture models that are distinct from or modified from the stand-
ard rough fault frictional paradigm described above. For example, other studies have examined the role of a
low-velocity fault zone (e.g., Huang et al., 2014, 2016), creation of damage during rupture (e.g., Lyakhovsky
& Ben-Zion, 2020; Okubo et al., 2019; Xu et al., 2015), and the effects of including off-fault fractures or short
branches (e.g., Ma & Elbanna, 2019; Okubo et al., 2019; Ozawa & Ando, 2021). We recognize that these oth-
er models include different assumptions (which may or may not include viscoplasticity) and make different
predictions from the rough fault frictional models that we compare with the impact model. It is not our
intent to discount any of these other possibilities or to suggest that these other physical processes should not
be considered. Indeed, some of the physics considered in these other models overlaps somewhat with the
physics of the impact model, and future work will be necessary to compare the various specific predictions
of these other models.

2.2. The Elastic Impact Model of Tsai and Hirth (2020)
2.2.1. Qualitative Description

Here, we discuss the motivation behind, the assumptions of, and some of the qualitative predictions of
the elastic impact model of Tsai and Hirth (2020). We expand the discussion to clarify the reasons that we
believe the model may approximate realistic fault-zone physics that is currently not accounted for in the
standard rough fault frictional models described above. A more detailed quantitative description of the
model is presented in Section 3.
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The basic question that motivated the elastic impact model can be summarized as follows: How is large-
scale earthquake slip accommodated within a geometrically complex fault zone? Numerous geologic obser-
vations suggest that most fault zones are complex at the meter to kilometer scale, with many anastomosing
fault strands that can mutually cross-cut each other (Chester & Chester, 1998; Faulkner et al., 2003; Rowe
et al., 2018; Swanson, 2006; see Figure 1a). Thus, although some fault zones appear to have a single cm-
scale principal slip surface (pss; Chester & Chester, 1998; Chester et al., 2004) where slip is dominant (see
also the green line in Figure 1b), in many fault zones there are multiple surfaces with significant slip or it is
unclear which sub-fault strands have been active during various events (e.g., Rowe & Griffith, 2015). Since
such fault zones have meter-scale to kilometer-scale complexity, it is also unclear what physical processes
dominate on the scale of this complexity when slip occurs. Specifically, if slip initiates on what is thought to
be a rough non-planar pss, what occurs when geometrical incompatibilities start to form during slip? If slip
continues along the pss, stresses build up along restraining bends and stresses drop along releasing bends
of the fault (see question marks in Figure 1b). With finite slip, Chester and Chester (2000) showed that if
the surrounding medium remains perfectly elastic, then many areas especially in extensional regions (i.e.,
around the releasing bends) would meet a typical plastic failure criterion. The frictional models described
above (Section 2.1) account for this by imposing viscous flow where stresses exceed the Drucker-Prager
plastic yield limit (Figure 1c).

However, if the fault zone is composed of multiple fault strands, there is another option for accommodating
what would otherwise become a geometrical incompatibility, namely, slip can transfer onto adjacent faults
such as the blue and red fault segments drawn in Figure 1d (Swanson, 1988, 2006), leading to rearrangement
of the discrete structures within the fault zone and without requiring bulk viscous flow or Drucker-Prager
yielding. If one considers one of these fault blocks that was initially on one side of the fault but then has slip
transferred to its other side, it must then have a change in velocity during the transition that is a substantial
fraction of the slip velocity. Although inelastic processes may also occur, the basic physics describing this
block's change in velocity is due to elastic compression that increases initially and is then released as the
block's velocity changes after slip is transferred. This is the essential physics underlying the elastic impact
model of Tsai and Hirth (2020), which was quantified using Hertzian contact theory. Importantly, if friction
has minimal control on this process, the direction of impact (momentum change) is determined by the ge-
ometry of the local contact surface and can be very different from the large-scale or local slip direction even
when the initial velocity is in the slip direction. This dependence on local geometry that may be different from
larger-scale fault orientations (e.g., McLaskey & Glaser, 2011) and sudden relaxation of stress concentrations
at geometric incompatibilities through elastic rebound makes the impact model different from a model solely
of fault slip transfer. However, a number of the predictions of the stochastic impact model are similar to that
of a stochastic slip transfer model. We also note that within the elastic impact framework, complex fault zone
structure is assumed to exist; the question of what caused the complex structure is not answered but instead is
separated from the question that is addressed of how ground motions are affected by the assumed structure.

2.2.2. Questions and Caveats of the Elastic Impact Model

The idealization inherent in the elastic impact model raises a number of issues. First, while the ideal-
ized cartoon of this process drawn by Tsai and Hirth (2020) depicts fault blocks as particles that freely
impact and rebound as they collide with other structures or the side of the fault zone, all that is required is
for momentum to change quickly. Thus, the process of elasticity-mediated momentum transfer described
above does not require substantial empty space within the fault zone, (although “implosion breccias” [Sib-
son, 1986]) observed in natural fault zone structures demonstrate the local creation of some open space
during earthquakes, and fault opening also occurs in laboratory shear experiments (Ngo et al., 2012). At
times well in advance of impact, as well as times well after impact, the velocity of each block could deviate
substantially from a typical impact trajectory, for example, if another impact were to subsequently occur.
Thus, even with the high compressive stresses under which most earthquakes occur, the impact physics
may be relevant. However, whether the Hertzian contact theory outlined in Tsai and Hirth (2020) is appro-
priate may be questioned; this point is analyzed in Section 3.1.

Second, if friction remains high (i.e., follows Byerlee's law) along the various faults in question, then there
would be some modification to the purely elastic impact due to the frictional forces. Thus, the elastic impact
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model is best thought of as an idealization that may be most relevant when the friction coefficient is very
low (e.g., below 0.3), such as during an active earthquake rupture, when it is thought that one or more dy-
namic weakening mechanisms act to dramatically lower friction (e.g., Rice, 2006; Tullis, 2015), as described
in Section 2.1. In this context, it is noteworthy that pseudotachylite (resulting in low dynamic friction) is
observed along many of the interacting faults segments, including the complex natural fault geometries
noted above (e.g., Rowe et al., 2018; Swanson, 1988).

Third, given that one of the elastic impact model's primary predictions is related to the timescale of elastic
impact, there is an important question about whether the elastic contact time is what sets the timescale for
the momentum transfer, or if other processes are important. For example, processes related to yielding may
play a role in the timescale of “impact,” and even if yielding is instantaneous, the loading phase of the elas-
tic “impact” may occur over a longer timescale than the unloading phase, unlike in the free collision case
where the loading/unloading phases are equal. While we acknowledge these possibilities, we nonetheless
believe it is worthwhile to evaluate the prediction from a purely elastic impact model, even if reality is likely
to depart somewhat from this idealized scenario. If predictions made from the elastic impact model agree
with observations, then that is the reason to use it; conversely, if the predictions disagree with observations
then the model can be falsified or additional complexity should be considered.

Finally, while the previous discussion considers just a single momentum transfer event, it is likely that as
fault slip continues, many such events occur, which we treat as multiple impacts. This process is somewhat
analogous to the occurrence of acoustic emissions in analog laboratory experiments without localized slip
surfaces (e.g., Bolton et al., 2020), where smaller microslip events exhibit a complex spatiotemporal evolu-
tion preceding and during the larger, system-sized events (Trugman et al., 2020), and result in significantly
non-double couple mechanisms (Kwiatek et al., 2014). Since stress is transferred to different structures
during each microslip cycle, the process may also be thought of as related to the dynamic creation and
destruction of force chains across the fault zone. While force chains are usually thought of as being qua-
sistatic, with force chain lifetimes being much longer than the elastic contact time (e.g., Campbell, 2003;
Tordesillas, 2007), the timescale over which stresses are transferred may still be related to the elastic contact
time even in the quasistatic limit. Furthermore, during an earthquake when ~m/s slip rates are much high-
er than in typical force-chain laboratory experiments (e.g., Daniels & Hayman, 2008), the lifetime of force
chains may be more commensurate with timescales related to elastic contact theory.

3. Quantitative Predictions of the Elastic Impact Model

Since some of the quantitative predictions of the elastic impact model remain unclear, here, we provide a
more complete analysis of the model described by Tsai and Hirth (2020).

3.1. Hertzian Contact vs. Mated Contact

We first discuss the question of whether the Hertzian contact theory assumed by Tsai and Hirth (2020) is the
appropriate mathematical framework for the conceptual model of elasticity-mediated momentum transfer
described in Section 2.2. The Hertzian contact theory assumed in Tsai and Hirth (2020) describes the force
and associated deformation between two elastic particles initially not in contact and with initial relative
velocity V, directed toward each other (see Figure 2a), which subsequently contact and then rebound. The
timescale of such a contact is:

5 1/5 16 2 2.4 1/5
T z2.9[ m J z2.9[”7p§] R~0014>.R 1))
m

¢ RELV, 9E2V,

where m is the mass of the particle, R is the effective radius of curvature, E, = E / [2(1 —v? )} E is the
Young's modulus, v is the Poisson's ratio, V, is the impact speed, p the is particle density, and the second ap-

proximation assumes an ellipsoidal impactor with aspect ratio £ > 1 impacting a flat surface. If the contact
is already loaded (e.g., at the initiation of earthquake rupture), only the rebound occurs, and over a times-
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Figure 2. Schematic of (a) Hertzian elastic contact vs. (b) mated elastic
contact for an initial relative velocity of V. The hatched region denotes the
area with significant elastic deformation.

cale that is exactly one half of T,. Tsai and Hirth (2020) also noted that
Hertzian contact theory for such a model also implies that the force time
history is nearly a truncated sinusoid, with force time history equal to:

zT(t) = Acos[;{—zj - recty, (t) 2

where rect is a unit boxcar function, and the amplitude A is such that the
impulse is equal to:

ﬁ(t)dt = (l + e)mAsz 3)
T,
where e is the coefficient of restitution, m is the mass of the particle/

structure, and Aw is the initial relative velocity.

An alternative quantitative model for the same conceptual model is what
one could call “mated” elastic contact and impact, where the initial con-

tact begins with a large area of nominal contact and deformation continues primarily over this same area
(see Figure 2b). This situation could arise, for example, if the surfaces of the two particles initially were
closely mated together even when not elastically stressed.

To a first approximation, the equations governing mated impact are simpler than that of Hertzian impact,
since the area of contact and hence elastically deforming region remains approximately the same through-
out the impact process. If one assumes the elastically deforming region is unchanged throughout, then
there is an exact analog with the standard elementary physics problem of a projectile mass that encounters a
spring at an initial velocity of V, and subsequently rebounds with the opposite velocity. The spring constant
for this case is given by k = E; R where E; = E (Young's modulus) if the deformation is primarily axial or
E; = G (where G is the shear modulus) if deformation is primarily in shear, and R is the length scale over
which this deformation occurs. The way Figure 2b is drawn, Ei ~ E and R is the radius of an approximately
spherically shaped particle. However, one could imagine one of the fault block structures in Figure 1 im-
pacting another block in a manner where there is primarily shear deformation so that E; ~ G or in which
the aspect ratio £ is large. With these assumptions, the timescale of elastic contact is:

172 4 ) 172
" [i] z[ U2 ] R ~ 0.0026-- - R @
m

k  \ER 3E,

if we choose nominal values as before, and £ = 5 and E; = G. Importantly, the scaling of Equation 4 is very
similar to that of Equation 1, being linear in R, and strictly independent of V, (Equation 1 is weakly depend-
ent on V), and scaling with & to a positive power. Both impact models predict contact times and therefore
forcing timescales that increase linearly with structure size, R, but with different scaling factors. Numeri-
cally, with realistic parameters, the scaling factor for Equation 4 is about one order of magnitude smaller
than in Equation 1, suggesting that the size of structures to create the same timescale of impact would be
an order of magnitude larger than the size estimated with Equation 1. For example, to achieve a corner
frequency of 20 Hz, Equation 4 with the nominal values from above would predict a particle size of 19 m in-
stead of 3.6 m. Finally, in this elementary spring-projectile case, the force time history is exactly a truncated
sinusoid, with force time history proportional to i(t) = cos(7t / T, ) - rect;, (1), so that the spectrum is exact-
ly an omega squared spectrum, similar to as in the Hertzian case (Equation 2). Perhaps unexpectedly, the
mated impact timescale scales in a similar manner to the timescale of rupture over a patch of size R since
rupture speed scales with elastic wave speed, and elastic wave speed is the relevant speed for purely elastic
deformation. Unfortunately, this makes mated impact more difficult to distinguish from rupture over the
same (small) area, though the physical deformations and orientations of these deformations are different.

It is not obvious which of the two models of Hertzian contact (Equation 1) vs. mated contact (Equation 4)
is most appropriate for the impact of structures within a rupturing fault zone during an earthquake. Stat-
ic faults are under significant confining stresses, which suggests that mated contacts may be more likely.
However, geologic observations suggest that small amounts of opening and closing within fault zones occur
during dynamic fault slip (Brune, 2001; Kwiatek & Ben-Zion, 2013; Mitchell et al., 2011; Rempe et al., 2013).
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(a) (b) Thus, particularly during the highest slip rate portions of earthquake rup-
© ture, when significant rearrangement of structures is ongoing, Hertzian

contact theory may be more appropriate than mated contact for describ-
ing the timescale of impacts. Understanding the distribution of structure
sizes and the rheologic properties of the fault blocks and intervening fault

(c) (d) R surfaces is also critical for predicting which contact geometry is more ap-
%' IR § £ propriate. For example, if the most relevant large structures for producing

~¢ 2-(R/IR.)2 ground motion are bounded by a relatively weak hydrothermal breccia,
n E.yc _( c) . e . . ope
fault gouge, or frictional melt that is significantly weaker than the larger

Figure 3. Schematic of particle contacts for different assumed geometries. ~ block then one would expect Hertzian contact to be a better description.
(a) Spherical contact, (b) Elliptical contact, (c) Three length scales, (d) In contrast, if the large structures are closely surrounded only by other

Number of contacts.

geometrically mated structures with similar rheological properties then

one might expect the mated contact description to be more appropriate.

Given the range of possible geometries and bounding rheologies between
structures, and the lack of definitive observations, it is prudent to remain agnostic regarding the answer to
this question and we accept the order-of-magnitude uncertainty in predicted sizes. Fortunately, since the
two contact models predict a similar scaling with the important physical properties, most importantly the
same scaling of contact times with the average size of the particles and near independence of contact time
on the impact velocity, the generic behavior of the two models is very similar. Thus, the agnostic choice is
not overly restrictive relative to the predictions of the model framework.

3.2. Contact Time for Geometrically Complex Structures

As mentioned briefly by Tsai and Hirth (2020), real fault zone structures are likely significantly more com-
plex than the simple spherical (see Figure 3a) or ellipsoidal shapes (Figure 3b) used to calculate the contact
time in Equations 1 and 4. In reality, both geometrical models should have at least three different length
scales of importance: the particle width R, the particle length &R, and the contact-scale radius of curvature
which we denote R¢, where Tsai and Hirth (2020) assumed R was equal to R for simplicity (see Figure 3c).
Moreover, the number of effective points of contact, n, is expected to vary significantly between different
geometrical shapes and depends on the particle roughness, which in turn is related to the contact aspect
ratio & = R/Rc (see Figure 3d). For real fault zones, we expect particles to be in close proximity to their
neighbors so that in both models, one may expect n to increase as R decreases (or as & increases). More
specifically, n may be related to the total area available for contact (R?) divided by the area of each elastic
deformation (R so that we may expect n ~ £2. Large n reduces the effective mass, reducing Tc, which
more than offsets the increased T due to the smaller R for both models. With the above assumptions, the

1/5
modified timescale for the Hertzian model is 7, = 2.9(167r2 p2§4 / 9E*2Vz§c) R and for the mated contact

model, 7, ~ (47[,052 /3E. & )1/2 R.In both cases, accounting for this additional particle roughness decreases
the estimate of T¢, though only by a modest amount in the Hertzian case. Observations of high-frequency
earthquake spectra for fault zones with very detailed constraints may be used to distinguish between the
impact timescale predictions and those of more traditional models where the spectra are instead related to
stress drop (Abercrombie, 2021; Allmann & Shearer, 2009).

3.3. Predicted Forcing for a Distribution of Particles

As discussed by Tsai and Hirth (2020), for a complex fault zone with many fault blocks within the fault zone,
one would expect many momentum change events that we call elastic impacts, and the ground motion from
the elastic impact model would have contributions from each impact force. In other words, if there are N
momentum change events, the forcing time series is assumed to be:

F(r) = sz:l?(t - Ar) (5)

where zT(t) is given by Equation 2, Ar, are the times of each impact event, and T, is given by either Equa-
tions 1 or 4. This description applies to the case where the radiation results from the force of each impact
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of each block against an adjacent block. By applying this description, we
implicitly assume that the impacting block is freely slipping with respect
to the bulk Earth, and conversely that the impacted block is instantane-

ously coupled with the surrounding medium—so that ground motion is
m radiated. It is the mass m and relative velocity Aw of the freely slipping

first block that should be used to calculate ?(z) here.

Figure 4. Schematic of accessible impact angles. V; represents the initial The orientation of the impact forces depends both on the orientation of
velocity and AV shows the direction of the momentum change due to the the many blocks as well as on the relative velocities of the blocks im-

geometry of contact.

mediately prior to the interaction. As discussed in more detail in Farin

et al. (2019), if it is assumed that the orientation of each of the particle

impacts is related only to the local geometry of contact, then a statisti-
cally averaged effective root-mean-square (RMS) forcing in each direction can be calculated by summing
the square of the individual force contributions on a distribution of surface orientations. This approach
assumes that every impact is statistically independent of all other impacts and, for example, assumes that
any reactionary forces needed to conserve momentum or angular momentum are still uncorrelated in time
(and thus do not cause the forcing to result in a moment tensor or dipole source). In order for the reaction
force to radiate waves independently, the time between successive interactions of any given particle must be
a significant fraction of the impact time and uncorrelated in phase.

While the contact geometry of structures within any particular fault zone may be somewhat unique and
impossible to evaluate without detailed observations of that fault zone, there are approximations one can
make to estimate the magnitude and direction of the RMS force in a complex fault zone. Following Farin
et al. (2019), we assume that the particles within a complex, rough fault zone are driven by the large-scale
shear velocity Vs of one side of the fault zone relative to the other. Given fault zone roughness length scales
that are a significant fraction of the particle sizes, Farin et al. (2019) found that the instantaneous deviation
in velocity of any given particle from the steady-state shear velocity (i.e., earthquake slip velocity) is expect-
ed to be a large fraction of the slip velocity. In this situation, the relative velocities have fluctuations in all di-
rections and the simplest assumption is that the magnitude of fluctuation is also the same in all directions,
despite the strong directionality of the shear forcing. With this approximation, the RMS impulse from many
elastic impacts can be calculated by integrating over the accessible range of solid angles available based on
the geometry of contact, as described in Appendix A of Farin et al. (2019) (see Figure 4). Although particle
shapes may be quite complicated, the simplest assumption would be that all angles are equally accessible,
in which case the forcing is completely isotropic, with

1
I rms = Iyrms = Iorus = 5(1 + e)mVS\/ﬁ (6)

where e is the coefficient of restitution, m is the particle mass, and N is the number of impacts. While Farin
et al. (2019) found that there can be a significant geometrical bias toward boundary-normal impact for the
scenario of spherical particles impacting a boundary composed of half-spherical particles (see Figure 4),
this bias only arises in the unrealistic repeating pattern case. In contrast, taking the orientations of all sub-
faults in Figure 1a as representative of the possible impact angles in a realistic fault zone, we find (by inte-
gration over all surfaces) that the distribution of predicted forcing angles is within ~5% of the completely
isotropic case. We return to the question of the isotropy of ground motion in the next section.

3.4. Predicted Radiation for a Distribution of Particles

Once the forcing or impulse functions are determined (Section 3.3), the predicted ground motions are cal-
culated by convolution with the point-force Green's function Gy(f). For a realistic structure, the Green's
function can be very complicated and in general should be evaluated numerically for a known velocity
structure. However, to get a sense of the predicted radiation and radiation pattern from the impact model,
we can use a homogeneous far-field Green's function. With this assumption, the far-field P-wave radiation
in the i direction for a point force in the j direction is given by:

1 1 r
£ o) o
4mpo r a
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where y; are the direction cosines, r is the distance to the source, F(¢) is the forcing time series, and « is the
P wave speed (Lay & Wallace, 1995). Defining 6 as the angle to the forcing direction, then the radiation
pattern has a simple cosf pattern, or cos” 6 pattern for the squared ground motion. Similarly, for far-field
S-wave radiation:

S 1 1 r
w =——-_06. —y.y. |—F|t —— 8
, 4”pﬂ2( 5 = 175) 5 ®)
where § is the shear wave speed. Again, the radiation pattern has a simple —sin8 pattern or sin® 8 pattern
for the squared ground motion.

If the stochastic forcing is isotropic, then the radiated ground motions are also isotropic for both the P and
S waves, since one would average the single force radiation patterns equally over the entire sphere. Alter-
natively, if the strength of forcing is different in different directions (potentially because only certain angles
are accessible) then solid angle integration must be done to calculate the effective ground motion radiation
pattern. If the angle to fault normal is given by 8, the azimuthal angle is ¢, and the relative strength of
forcing is Sy (HF,¢F) then the average squared P-wave radiation pattern is given by:

fgf(z)ﬂSF sin 6 cos “ydgy.do,

2
<(7 iV f) ) 00 (27 )
[,70f" sin Opddby
and the average squared S-wave radiation pattern is given by:
2w . .2
2[5 7S sin6y sin® wdgpdoy
<(5g _717’j) y =20 (10)

6, 2z .
IOFOIO sin Opd¢pd6y

where cosy = cos G cos 6 + sin 6 sin 0 cos(¢ - & ), where (6‘,¢) are the directional coordinates of the sta-

tion, and (HF,¢F) are the directional coordinates of the forcing relative to the fault normal. With realistically
shaped structures within a realistic fault zone, the half-spherical assumption of Figure 4 (as suggested by
Tsai and Hirth 2020) is almost certainly too idealized and we believe it a better assumption that all impact
directions are equally likely given the complex geometries within a fault zone (see e.g., Figure 1a) and the
fact that there may not be symmetries within a real fault zone. Thus, we predict nominally isotropic RMS
radiation patterns from a stochastic sets of impacts. We note that even when the impact force directions are
somewhat limited, like with the limited fault orientations in Figure 1b, the average RMS radiation pattern
is still relatively isotropic, for example, within 20% of purely isotropic in the case of Figure 1b. One could
potentially relax the isotropic assumption if there were sufficiently good constraints on the local orientation
of impact contacts to warrant it.

3.5. Radiated Energy

The radiation from the impact model is in the form of the sum of many independent single forces (Equa-
tions 7 and 8), rather than as a sum of moment tensor sources, as in standard frictional models. This differ-
ence leads to different scaling of the ratio of S-wave to P-wave energy. P-wave displacement radiation from
a moment tensor is given by:

1 1. r
P = —— —_——
U = 47[pa3 }/i}/pyq 7Mpq [t aj (11)
and S wave radiation from a moment tensor is given by:
S 1 1. r
up = ——=\8, =i M, | 1—— 12
4”pﬁ3( P yyf’)}/‘/r pq ﬁ ( )

In general, total radiated energy is proportional to Vw’u® where Vis the wave speed, w is frequency and u is
the particle displacement amplitude. Thus, the radiated P energy for a moment tensor is proportional to o>,
and radiated S energy for a moment tensor is proportional to §7°. In contrast, the radiated P and S energies
for a single force are proportional to &> and 57> respectively (Lay & Wallace, 1995). Thus, the S/P energy
ratio for moment tensor sources is (ct/3)° whereas the S/P energy ratio for single forces is (a/8). Since the
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Inst. Fault Surface
® Segment Boundaries
—p |mpact Direction

(a) Schematic fault zone (b) Slip direction 0° from x =>
with instantaneous slip
on blue surface

RS

(c) Slip direction 60° from x JA

Figure 5. (a) Example schematic fault zone with instantaneous principal slip surface (blue line). (b and c)
Instantaneous fault surface (blue line) with impact site segment boundaries denoted (black circles), and impact
direction with magnitude scaled by éR (red arrows). Directions are shown for pure right lateral slip and impact of upper
surface onto lower surface. Impacts of lower surface onto upper surface are just as likely. (b) Slip direction aligned

with x. This example has 39 impact sites. (c) Slip direction 60° counterclockwise of x. This example has 18 impact sites.
Segment boundaries are points where overlap from slip approaches zero.

impact model is composed of a sum of single forces, the S/P energy ratio for the impact model is also pre-
dicted to be (a/B)*. When the effects of scattering are accounted for and/or minimal, measuring the energy
ratio would therefore be diagnostic of whether single forces like impacts are present and therefore which of
the two models is appropriate.

3.6. Estimated Number of Impacts

So far, we have focused on the predicted forces for a single impact and the expected radiated energy from
a collection of impacts, but we have not yet made an estimate of the number of impacts that may be ex-
pected during any given earthquake. To make such an estimate, we posit that for any instant during the
earthquake, slip can be focused on one or multiple slip surfaces. For example, in Figure 1c, one can think of
tracking the “pss” (green line labeled pss) with time as impacts occur and lead to transfer of slip between the
various possible slip surfaces. Given an instantaneous pss and the direction of local relative slip everywhere
along this surface (which is not necessarily in the direction of large-scale fault motion), one can estimate
the amount of slip necessary to produce another structural change in the pss (i.e., an impact) based on when
the stress built up on a nominal new impact point would reach a yield stress (see Figure 5). Taking the most
important structure size, R = Ry;, that is the 73rd percentile of the structural size distribution (which is
larger than the median size due to the stochastic addition of Equation 5) (Tsai & Hirth, 2020), we estimate
the stress built up for a slip of S as:

o EOS
R

13)

where 0 is the average angle (in radians) between the local slip surface and the local slip direction, aver-
aged over a length scale of R. Accounting for 0, partitions the possible strain (~S/R) into the component
that cannot be released by fault motion. For a perfectly planar fault surface, 8, = 0 so that no elastic stresses
build up. In contrast, if 8, ~ 1then each unit of slip results in a strain related to that unit slip. One can then
compute when this stress exceeds a yield stress oy;eq. For example, using E = 5 X 10'° Pa and Oyiela = 100 MPa,
then an impact is expected at S/R ~2 X 10~* for 8 ~ 1or S/R ~2 X 107> for @ ~ 0.1. Thus, for R = 50 m,
which Tsai and Hirth (2020) nominally estimated might be appropriate for an earthquake of moment 10'°
Nm, with an average total slip in the ~0.3 m range (Mai & Beroza, 2002), that would imply S ~ 0.1 m for
0 ~1lorS~1mforf; ~ 0.1 This in turn would mean approximately three impacts at each site over the
full slip of the event in the former case, or ~0.3 impacts per site in the latter case. The total number of im-
pacts over the event would then be obtained by multiplying this number by the number of such points on
a pss. Given arbitrary complexity, the number of such points could in theory be quite large. For example,
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Figure 6. (a) Schematic of a sawtooth fault with imposed slip velocity V. (b) Sinusoidal approximation, (c) Particle
approximation.

at one extreme, if every 50 m segment had an intersecting fault strand with 0, ~ 1, then the full fault of
area (~10 km?) could have up to 4,000 sites, implying a total of 12,000 impacts during the event. However, a
smoother fault of the same area with 8, ~ 1 occurring only every 200 m would have 250 sites and thus 750
total impacts in this scenario. The average rate of impacts would be the total number of impacts divided by
the earthquake duration. Two examples of the impact sites, impact directions and 8, for pure right lateral
slip on a given pss are shown in Figure 5. While the impact directions for the unidirectional slip in Figure 5
is not isotropically distributed, the expected partition of slip onto many different structures in different di-
rections would cause the combined impacts to be nearly isotropic (see Sections 3.3 and 3.4).

4. Quantitative Comparisons of the Elastic Impact Model With Rough Fault
Friction Models

To quantitatively compare the predictions from the rough fault frictional models of Section 2.1 with those
from the elastic impact model of Section 2.2, we idealize predictions for the simplest scenario in which
predictions from both models are possible. Making such a comparison is not straightforward since the
assumptions and setup of the two models are inherently different. Furthermore, because the predictions
of the elastic impact model are only potentially dominant at high frequencies and should be superimposed
on a more standard system-scale (i.e., planar) fault model for the full ground motions, we make predic-
tions for the case of constant slip rate across the fault zone for which the ground motion due to large-scale
acceleration is zero. The rupture tip is therefore assumed to be sufficiently far ahead of the zone for which
forcings from the two models are calculated, and in this scenario, there are no other sources of heteroge-
neity in large-scale slip which would otherwise contribute additional differences to the predictions. This
simplification allows us to concentrate on the essential differences in predictions between the standard
rough fault frictional model and the elastic impact model without incorporating the physics of a dynamic
rupture. We further simplify to the scenario of a fault with perfectly periodic sawtooth roughness (see
Figure 6a).

Even with these simplifications, neither model can be evaluated strictly within this setup, for different rea-
sons. For the rough fault frictional model, the sawtooth pattern of the assumed fault is incompatible with
assumptions for how stresses are modified by fault roughness. Specifically, due to the discontinuities in the
derivatives of the assumed fault profile, the predicted stresses on the fault would be infinite since it is along-
fault gradients of these derivatives that are used to compute stresses (Chester & Chester, 2000). The infinite
on-fault stresses cannot be reduced without modifying the fault geometry. This problem raises an important
issue with regards to how realistic faults with sharp discontinuities can be effectively modeled within any
numerical framework. However, the sawtooth fault can be approximated as a sinusoidal fault with the same
roughness (see Figure 6b). While it is unclear how this approximation affects the predictions, evaluating
the sawtooth fault within the frictional framework is beyond the scope of this work. However, due to the
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importance of understanding real faults with angular intersections, we suggest it would be worthwhile for
the community to further consider how to address this issue.

For the elastic impact model, evaluating predictions for the sawtooth fault has the complication related to
the fact that there is a single fault surface. By construction, the elastic impact model requires a fault zone
with a distribution of discrete structures (particles), and a prediction cannot be made for a single fault
surface of any geometry since there are no defined structures that can undergo an impact as described in
Section 2.2. To evaluate the elastic impact model, then, we assume that the sawtoothed main fault (pss) is
surrounded by a large number of cross-cutting faults that breaks the fault zone into discrete structures (see
Figure 6¢). To make a stochastic ground motion prediction, the distribution of structure sizes is assumed
to be known, and the distribution of impact angles is assumed to be known. If a completely deterministic
prediction is desired, the specific timing of each impact (strength and direction and size of contact) would
need to be known. Although this type of information can be extracted from exhumed fault zones (e.g.,
Figure 1a), it is very unlikely to be knowable for any active fault application, but may be useful to think
about to gain a conceptual quantitative understanding of what is predicted, and we show an example of
this below.

4.1. Viscoplastic Off-Fault Deformation Ground Motion Prediction

The predictions for the stresses caused by fault slip on an idealized sinusoidal fault have been calculated
following the approach of Chester and Chester (2000); here, we evaluate the additional contribution to the
ground motion that is predicted by the off-fault viscoplastic deformation. Chester and Chester (2000) de-
termined the locations where viscoplastic deformation is expected, and Figure 7 shows one wavelength of
the fault along with the predictions for principal stress directions given slip along the sinusoidal fault (blue/
red stress directions are equivalent to those plotted by Chester & Chester, 2000 in their Figure 3) and for the
failure region (black line in Figure 7). To determine the additional ground motions produced by distribut-
ed viscoplastic failure (which occur independently of any ground motion caused by dynamical feedbacks
creating heterogeneous slip that might be promoted by the effects of viscoplastic failure, which we do not
include here), it remains to integrate the predicted stress glut resulting from these stresses over the failure
volume to obtain the average predicted moment tensor (Backus & Mulcahy, 1976; Dahlen & Tromp, 1998).
Predicted ground motions can then be calculated in the same way in which ground motions from moment
tensors are usually calculated. The integration is straightforward because the instantaneous stress glut rate
is proportional to the known elastic stresses over the failure region and zero outside the failure region, and
moment rate is equal to stress glut rate giving:

M};SCOP[GSHC — E J‘ O.ij dv (14)
n failure
where E/7 is the ratio of the respective elastic modulus and viscosity for each component of stress (which
for simplicity here is assumed constant). As an approximation, we assume the total viscoplastic moment
contribution is dominated by the early stages of failure, or alternatively that the effective viscosity is low
such that the change in g;; is small:
iscoplastic  EAE

where At is the duration of significant viscoplastic deformation. The resulting moment tensor is shown in
Figure 7. The contributions from the other side of the fault are identical, due to symmetry, and there is a
contribution from each releasing bend along the fault. The total magnitude of the contribution thus de-
pends on the integrated time that the stresses remain above the assumed plastic failure strength, viscosity,
and also the length of the fault. While the mechanism is determined by o, the magnitude or moment and
frequency content depends significantly on the assumed viscosity, since this determines both how long the
region remains in plastic failure and how much total stress glut there is.

‘We can calculate an upper bound on the amplitude of the moment tensor contribution, which is the contri-
bution that would occur if the stresses were to reduce to zero within the failure region over the course of the
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Figure 7. Example stress field caused by slip on a sinusoidal fault (bottom), with u = 0.325, 6, = 70°, 5. = 100 MPa,
To = 20 MPa, 7y = 190 MPa, u- = 0.6 (see Chester & Chester, 2000). Blue arrows denote the largest compféssive stress,
red arrows denote the smallest compressive (or tensional) stress. The area encompassed by the black line is the area
where viscoplastic yielding is predicted. The focal mechanism represents the predicted contribution of the viscoplastic
yielding to the ground motion. The calculated normalized moment tensor principal components are —1, 0, 0.3137.

earthquake. For the moment tensor in Figure 7, the upper bounds on the principal components are —8.2%,
0%, and +2.6% of the total moment available when slip is L/2 and with other parameters as in Figure 7. As
shown, this moment tensor's orientation is misaligned with that of the double-couple fault orientation, and
has a significant non-double couple mechanism that includes an implosive component and thus radiates
some component of its energy isotropically. Decomposing the moment tensor into a pure double couple
part and an isotropic part, the double couple moment is approximately 1.9 times the isotropic moment, even
without accounting for the potentially much larger double couple component from slip on the main fault.

The timescale and hence the frequency content of the radiation from off-fault deformation in this model
is strongly dependent on the assumed viscosity. With assumed viscosities low enough that failure instanta-
neously keeps pace with yielding, the timescale at which the deformation occurs is that of the creation of
stresses above the yield stress. For high assumed viscosities, the timescale is comparable to the viscoplas-
tic relaxation (Maxwell) time, that is the ratio of the elastic modulus to the viscosity. In these scenarios,
then, the assumed viscosity dictates the frequency content of the predicted ground motions. Thus, part of
the predicted frequency content is a direct outgrowth of the assumed viscosity. For example, for numeri-

cal stability reasons, Dunham et al. (2011b) assume a viscoplastic relaxation time of % ~87x107 g (ie.,

1 = 278 MPa - s), which sets a limit on the frequency content of the ground motion with an effective corner
frequency at ~115 Hz (the inverse of the relaxation time). Thus, as Dunham et al. (2011a) acknowledge, an
important question of this model is whether the choice of 7 is physically justified and whether the predicted
corner frequency is physically constrained. We note that such simulations also have additional main-fault
slip heterogeneity that results from the viscoplastic deformation; these slip heterogeneities contribute addi-
tional radiation that may be at different frequencies than the ones discussed.
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4.2. Elastic Impact Ground Motion Prediction

Predictions for the ground motion of the elastic impact model follow Equation 5 with timescales T, given
by Equation 1 or 4 and amplitudes given by Equation 3. In addition, to satisfy momentum and angular mo-
mentum conservation, we require additional constraints on the forcing time series that the net integrated
force and net integrated torque be zero, so:

[F(t)dt =0 (16)
and
[%-F(t.%)dt =0 17)

where x is the location of the various forces. If locations within the fault zone are too close to spatially
resolve, then all the forces in Equation 5 can be assumed to be collocated, Equation 17 is trivially satisfied,
and only momentum conservation (Equation 16) needs to be accounted for.

If the orientations, amplitudes, and timings of all the impact forces are known, then the far-field radiated
ground motion can be deterministically modeled by substituting Equation 5 into Equations 7 and 8, for the
P-wave and S-wave components respectively. Figure 8a shows an example of this, assuming random sam-
ples of isotropically distributed orientations, a log-raised cosine distribution for (n)"/* (similar to a truncat-
ed log-normal distribution) (Tsai et al., 2012), and uniformly distributed At,. N is chosen so that the largest
size category has approximately 1,000 impacts. This number is expected to scale with the size of the fault
zone, but each structure may also undergo multiple impacts, depending on how long slip continues for, and
so N also scales with total slip time (see Section 3.6).

Since the ground motions in Figure 8a are random, and it is unlikely that the force locations, orientations,
amplitudes, and timings would ever be known deterministically in a realistic example, it is useful to char-
acterize the ground motion contribution by its statistical features such as its spectrum, shown in Figure 8b.
As described in Tsai and Hirth (2020), the spectrum is dominated by impacts of structures close to the 73rd
percentile of the distribution, and the shape of the spectrum is well fit by the omega square model with
high-frequency falloff rate f~>. This behavior is expected since each of the force contributions from Equa-
tion 2 has a Brune-like omega square contribution (Tsai & Hirth, 2020). Moreover, the RMS ground motions
in different directions are approximately equal, that is radiation is isotropic, as expected given the isotropic
distribution of single forces. Note that while this model only includes a single corner, when superposed
onto a frictional slip model appropriate at low frequencies, the spectrum may resemble a dual-corner model
(Atkinson & Boore, 1995; Denolle & Shearer, 2016; Gusev, 2014; Ji & Archuleta, 2021) and low-frequency
radiation is still expected to be the standard four-lobed double couple pattern expected of a shear source
(Tsai & Hirth, 2020). Thus, we suggest that one may be able to distinguish between the models by observing
whether this transition with increasing frequency from more four-lobed to more isotropic occurs as predict-
ed by the impact model (even when scattering is minimal).

5. Conclusions

‘We have presented an analysis of how earthquake ground motions are produced when fault zone structure
is complex, with a focus on specifically comparing the stochastic impact model of Tsai and Hirth (2020)
with the single rough-fault frictional model of Dunham et al. (2011b), Shi and Day (2013) and Wollherr
et al. (2018). The two models differ in many respects, ranging from their assumptions to various features
of their ground motion predictions (see Table 1). Some of the most important differences that distinguish
the impact model from the frictional model include: (a) a dependence on purely elastic physics whereas
the frictional model depends not just on fault friction but also on off-fault viscoplastic parameters; (b) a
requirement of a large number of fault-bounded blocks with a given statistical size and orientation distri-
bution compared to the requirement of a single fault surface without sharp kinks in the frictional model;
(c) predicted ground motions with a corner frequency that depends on fault-zone block (“particle”) sizes
in contrast to high-frequency radiation that depends on the off-fault viscosity in the frictional case; (d) pre-
dicted high-frequency radiation patterns that are isotropic for realistically complex fault zones compared to
distinctly oriented radiation patterns for the frictional case; (e) predicted radiated energy with an S/P ratio
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Figure 8. (a) Predicted P wave (radial) ground motions at 0°, 45°, 90°, 135°, and 180° relative to fault strike for one
stochastic realization of the impact model. (b) Spectra for the 5 ground motions shown in (a).

of (a/B)? instead of (a/B)° (in the absence of scattering). Given the plausibility of both models and the many
differences between them, it seems a worthwhile next step to consider whether the observational evidence
supports, contradicts or otherwise distinguishes between the two models. Finally, while this study focuses
on predicted ground motions for two end-member physical models, the physics of complex structural im-
pacts may lead to different predicted earthquake rupture dynamics and energetics. It is beyond the scope
of the present contribution to delve into these interesting implications, but we believe that examining such
consequences would be a fruitful avenue for future work.

Table 1
Summary of Key Model Differences
Cause of high-frequency Cause of additional® High-frequency Radiated
Relevant regime radiation corner frequency, f. radiation pattern energy
Elastic impact model Large number of complex Near elastic collisions of fault Timescale of structural Isotropic regardless of E o 3
interacting faults structures impact, scales with scattering =5~ [—]
structure size Ep B
Rough fault frictional Small number of non- Heterogeneous on-fault slip; Ratio of viscosity to Sum of double E S
. . . . s a
model planar but smooth off-fault viscoplastic elasticity; subfault size couples + CLVDs N (—]
faults deformation 2 B

Abbreviations: Es, S-wave energy; Ep, P-wave energy; CLVD, compensated linear vector dipole (Lay & Wallace, 1995).

Corner frequencies described here are in addition to any corner frequencies that may exist due to earthquake rupture duration or rise time (e.g., on a planar
fault).
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